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Abstract. This paper is the first in a series devoted to the development of a Hodge theory
for tropical varieties. We introduce a notion of T-stability for tropical fans and prove that
various geometric properties of tropical fans are T-stable. As a consequence, we establish
Kähler properties for the Chow ring in a large class of tropical fans, going beyond the case
of matroids and their Bergman fans. As a by-product, we obtain a new proof of the Kähler
package for combinatorial geometries. The approach makes it possible to deal with tropical
fans with general weights.

Contents

1. Introduction 1
2. Preliminaries 10
3. Chow rings of fans 16
4. Tropical divisors 23
5. Tropical modification 25
6. Behavior of Chow rings under tropical modifications 28
7. T-stability 32
8. Bergman fans 38
9. Basic T-stability results 43
10. Stability of Poincaré duality for div-faithful unimodular fans 46
11. Stability of being Chow-Kähler 51
12. Further discussions and examples 58
Appendix A. Multi-magmoids 64
References 65

1. Introduction

The work in this paper is motivated by the recent development in combinatorial Hodge
theory, which has undergone an expansion following the work of Adiprasito-Huh-Katz [AHK18]
and further follow-ups, leading to the resolution of several open problems in the theory of
matroids and their applications. We refer to the expository papers by Huh [Huh18,Huh22],
Okounkov [Oko22], Ardila [Ard18,Ard22] and Baker [Bak18] for an overview of these exciting
developments in combinatorics.

Our starting point was the following question.

Question 1.1. How Chow rings of matroids and their Hodge theory is linked to homological
properties of tropical varieties? To what extent the setting of combinatorial Hodge theory
can be extended beyond the setting of matroids and their Bergman fans? Is there a Kähler
geometry in the tropical setting?

Our aim in this work and its companions is to propose answers to these questions by
developing Hodge theoretic aspects of tropical geometry.
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The specific work presented in the current paper is of local nature and concerns geometric
properties of tropical fans captured in their Chow rings. Tropical fans and their support named
tropical fanfolds are building blocks for the construction of more general tropical varieties.
We establish the Kähler package for the Chow ring of a large class of tropical fans which
can be recursively constructed by using three basic operations that preserve the balancing
condition (orientability in tropical geometry). As a by-product, we obtain a new proof of the
Kähler package for combinatorial geometries that circumvents some of the main difficulties
encountered in [AHK18]. At the same time, our approach makes it possible to deal with
tropical fans with more general weights.

The paper is written to be accessible with no previous knowledge of algebraic and trop-
ical geometry. In particular, for algebraic geometric statements that play a crucial role in
combinatorial and tropical Hodge theory we provide new combinatorial proofs.

In the rest of this introduction, we provide an overview of our results.

1.1. Fans and their Chow rings. Consider a lattice of finite rank N ≃ Zn and let NR be
the vector space generated by N . A rational fan in NR is a non-empty collection Σ of strongly
convex rational polyhedral cones that verifies the following two properties:

(1) if σ is a cone in Σ, then any face τ of σ belongs to Σ.
(2) for a pair of cones σ and η in Σ, their intersection σ ∩ η is a common face of both σ

and η.
We denote the support of Σ by |Σ| and call it a fanfold. For each integer k, Σk denotes the

set of k-dimensional cones in Σ.
Let Σ be a rational fan that we assume to be simplicial, meaning that each cone in Σ is

generated by as many rays as its dimension. The Chow ring of Σ denoted by A•(Σ) is de-
fined by generators and relations. Consider the polynomial ring Z[xζ ]ζ∈Σ1 with indeterminate
variables xζ associated to rays ζ in Σ1. Then, A•(Σ) is the quotient ring

A•(Σ) := Z[xζ ]ζ∈Σ1

/(
I + J

)
where

• I is the ideal generated by the products xρ1 · · · xρk , for k ∈ N, such that ρ1, . . . , ρk are
non-comparable rays in Σ, that is, they do not form a cone in Σ, and

• J is the ideal generated by the elements of the form∑
ζ∈Σ1

m(eζ)xζ , m ∈M := N⋆,

with eζ the primitive vector of the ray ζ.
The ideal I + J is homogeneous and the Chow ring inherits a graded ring structure. More-

over, for degree larger than the dimension of Σ, the corresponding graded piece vanishes.
Denoting by d the dimension of Σ, we can thus write

A•(Σ) =

d⊕
k=0

Ak(Σ)

with the k-th degree piece Ak(Σ), 0 ⩽ k ⩽ d, generated as Z-module by degree k monomials.
When the fan is unimodular, the Chow ring A•(Σ) coincides with the Chow ring of the toric
variety PΣ associated to Σ, see [Bri96] and [Dan78,BDP90,FS97].

Similarly as above, we define the Chow ring with rational and real coefficients that we
denote by A•(Σ,Q) and A•(Σ,R), respectively.

Chow rings of fans have a rich combinatorics. A discussion of these properties is provided
in Section 3.

* * *
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We fix some terminology before proceeding. Each cone σ in a rational fan Σ defines a
sublattice of N denoted by Nσ that has rank equal to the dimension of σ. The sublattice
Nσ is given by the integral points of the vector space generated by σ. We denote by |σ| the
dimension of a face σ. A cone σ is called simplicial if it is generated by |σ| rays, equivalently,
if σ is of the form

∑
iR⩾0ei for a family of independent vectors e1, . . . , e|σ| in NR. A rational

cone σ is called unimodular if it is generated by |σ| vectors which form a basis of Nσ. A fan Σ
is called simplicial, resp. unimodular, if all its cones are simplicial, resp. unimodular. A facet
is a maximal cone. A fan is pure dimensional if all its facets have the same dimension. We
denote the dimension of Σ by d.

In this paper, the star fan Σσ of Σ at a cone σ ∈ Σ refers to the fan in NR
/
Nσ,R induced

by the cones η in Σ which contain σ as a face.

1.2. Tropical fans. An orientation of a rational fan Σ of pure dimension d is an integer
valued map

ω : Σd → Z ∖ {0}
which verifies the so-called balancing condition: for any cone τ in Σ of codimension one, we
have the vanishing of the following sum in the quotient lattice N

/
Nτ∑

σ⊃τ

ω(σ)eτσ = 0

where the sum is over facets σ of Σ which contain τ , and eτσ is the generator of the quotient
(σ ∩N)

/
(τ ∩N) ≃ Z⩾0. The balancing condition is the analog in polyhedral geometry of the

orientability property for manifolds, and leads to the definition of a fundamental class that
plays a central role in the treatment of Poincaré duality and other refined geometric properties
in polyhedral geometry.

A tropical fan in NR is a pair (Σ, ωΣ) consisting of a pure dimensional rational fan Σ and
an orientation ωΣ as above which takes only non-zero values on any facet in Σd. We will call
tropical fanfold the support of any tropical fan. We say that the tropical fan (Σ, ωΣ) is unitary
if ωΣ only takes values ±1.

The category of tropical fans is closed under products (with the product orientation). More-
over, a star fan of a tropical fan is again tropical (with the induced orientation).

1.3. Bergman fans of matroids. Associated with any matroid m on a basis set E is a fan
Σm called the Bergman fan of m that lives in the real vector space RE

/
R(1, . . . , 1) and is

quasi-projective and unimodular with respect to the lattice ZE
/
Z(1, . . . , 1). The structure of

the Bergman fan reflects the combinatorics of the matroid [AK06]. The augmented Bergman
fan of m is a unimodular fan pΣm in RE defined in [BHM+22]. Both these fans are tropical
with respect to the orientation which takes value one on each facet.

We will call Bergman fanfold the support of a Bergman fan. We call generalized Bergman
fan any fan structure on a Bergman fanfold. The augmented Bergman fans is a generalized
Bergman fan. When the matroid is defined by an arrangement of hyperplanes, the Bergman
fanfold can be identified with the tropicalization of the complement of the hyperplane arrange-
ment, for coordinates given by the linear functions that define the arrangement [AK06].

1.4. Chow-Kähler tropical fans. A tropical fan (Σ, ωΣ) of dimension d comes with a degree
map defined by the orientation ωΣ

degΣ : A
d(Σ) → Z

that leads to the pairing

Ak(Σ)×Ad−k(Σ) → Z
(α, β) 7→ degΣ(α · β)



4 OMID AMINI AND MATTHIEU PIQUEREZ

for any k = 0, . . . , d. We say that (Σ, ωΣ) verifies Poincaré duality for the Chow rings with in-
teger coefficients denoted PDZ if the above pairing is perfect. We say (Σ, ωΣ) verifies Poincaré
duality for the Chow ring with rational coefficients denoted PDQ if the above pairing becomes
perfect after tensoring with Q.

For an element ℓ ∈ A1(Σ,Q), we say that the pair (Σ, ℓ) verifies the Hard Lefschetz property
denoted HL(Σ, ℓ) if (Σ, ωΣ) verifies PDQ and the following holds:

(Hard Lefschetz) for any non-negative integer k ⩽ d
2 , the multiplication map by ℓd−2k induces

an isomorphism
Ak(Σ,Q) ∼−→ Ad−k(Σ,Q) , a 7→ ℓd−2k · a.

We say the pair (Σ, ℓ) verifies Hodge-Riemann bilinear relations denoted HR(Σ, ℓ) if (Σ, ωΣ)
verifies PDQ and the following holds:

(Hodge-Riemann bilinear relations) for any non-negative integer k ⩽ d
2 , the symmetric bilinear

form
Qk

ℓ : A
k(Σ,Q)×Ak(Σ,Q) → Q , (a, b) 7→ (−1)k degΣ(ℓ

d−2k · a · b)
is non-degenerate and its signature is given by the sum

k∑
i=0

(−1)i
(
rank(Ai(Σ))− rank(Ai−1(Σ))

)
.

We note that HR(Σ, ℓ) implies HL(Σ, ℓ). Moreover, denoting by P k
ℓ (Σ) the primitive part

of Ak(Σ,Q) defined as the kernel of the multiplication map by ℓd−2k+1 from Ak(Σ,Q) to
Ad−k+1(Σ,Q), the property HR(Σ, ℓ) becomes equivalent to requiring that (−1)kQk

ℓ be positive
definite on P k

ℓ (Σ) ⊆ Ak(Σ,Q).
Let now (Σ, ωΣ) be a unimodular tropical fan with positive weight function ωΣ. An element

ℓ in A1(Σ,Q) is called ample if ℓ can be represented in the form
∑

ζ∈Σ1
f(eζ)xζ for a strictly

convex conewise linear function f on the fan Σ which takes rational values on lattice points of
Σ (see Section 2.7 for the definition of strict convexity). A fan which admits such a function
is called quasi-projective.

A tropical fan (Σ, ωΣ) is called Chow-Kähler if it is quasi-projective and moreover, (Σ, ωΣ)
and, more generally, any star fan (Σσ, ωΣσ), σ ∈ Σ, verifies the Hodge-Riemann bilinear
relations HR(Σσ, ℓ) for any ample element ℓ ∈ A1(Σσ). We refer to Section 1.11 for a discussion
of the terminology.

1.5. Divisor theory on tropical fans. Let (Σ, ωΣ) be a tropical fan of dimension d. A
meromorphic function on Σ is by definition a continuous conewise integral linear function on
|Σ|. We denote by M(Σ, ωΣ) the set of all meromorphic functions on Σ.

To any face τ of codimension one in Σ, we associate the order of vanishing function
ordτ : M(Σ, ωΣ) → Z defined at any f ∈ M(Σ, ωΣ) by the sum of slopes of f along the
adjacent facets, see [AR10] or Section 4 for the precise definition. The divisor of a mero-
morphic function f is by definition the pair div(f) = (∆, ω∆) consisting of the subfan ∆ of
Σ defined by the set of all codimension one faces τ of Σ with ordτ (f) ̸= 0, and the map
ω∆ : ∆d−1 → Z ∖ {0} which takes value ordτ (f) at any face τ ∈ ∆d−1. We say that div(f) is
trivial if ordτ (f) = 0 for all τ ∈ Σd−1. The divisor div(f) is a tropical fan of dimension d− 1
provided that it is non-trivial.

We call f ∈ M(Σ, ωΣ) holomorphic on Σ provided that ordτ (f) ⩾ 0 for all τ ∈ Σd−1.
A divisor D on (Σ, ωΣ) is a tropical fan (∆, ω∆) of dimension d− 1 with ∆ a subfan of Σ.

Divisors of the form div(f) for f ∈ M(Σ, ωΣ) are called principal. We say D is Q-principal if
an integer multiple aD with a non-zero is principal.



HODGE THEORY FOR TROPICAL FANS 5

1.6. T-stability. We introduce a notion of T-stability for tropical fans and their geometric
properties. In practice, this allows to proceed by induction and reduce to the simplest possible
tropical fans. We give an idea here and refer to Section 7 for more details.

The definition is based on three types of operations on tropical fans: products, stellar
subdivisions and their inverse stellar assemblies, and tropical modifications. The first two
operations are classical in the theory of fans. Stellar subdivision in particular corresponds to
the fundamental notion of blow-up in algebraic geometry. The third operation, revealed in
the pioneering work by Mikhalkin [Mik06, Mik07], is specific to the tropical setting and its
importance lies in the possibility of producing richer tropicalizations out of the existing ones
by introducing new coordinates. Given a meromorphic function f on a tropical fan (Σ, ωΣ),
the tropical modification of (Σ, ωΣ) along (the divisor of) f is the result of modifying the
graph of f into a tropical fan (Σ̃, ωΣ̃) by introducing new cones lying above div(f). We refer
to Section 5 for the definition.

Let C be a class of tropical fans and S ⊆ C a subclass. We say that S is T-stable in C ,
or simply T-stable if C is the class of all tropical fans, if the following holds:

• (Stability under products) For a pair of tropical fans (Σ, ωΣ) and (Σ′, ωΣ′) in S , if the
product (Σ× Σ′, ωΣ×Σ′) belongs to C , then it is in S .

• (Stability under tropical modifications along a divisor in the subclass) Given a tropical
fan (Σ, ωΣ) in S and a meromorphic function f on Σ such that the divisor div(f) of f
is in S , the tropical modification (Σ̃, ωΣ̃) of Σ along (the divisor of) f is in S provided
that it belongs to the class C .

• (Stability under blow-ups and blow-downs with center in the subclass) For an element
(Σ, ωΣ) in C , and for a cone σ ∈ Σ which has the property that the stellar subdivision
Σ′ of Σ at σ belongs to C and the star fan Σσ belongs to S , we have (Σ, ωΣ) ∈ S if
and only if (Σ′, ωΣ′) ∈ S .

Examples of classes C of tropical fans which are of interest to us are all, resp. simplicial,
resp. unimodular, resp. quasi-projective, resp. principal, Q-principal, resp. div-faithful, resp.
locally irreducible and resp. Q-locally irreducible tropical fans. The last five classes and their
properties are introduced and studied later in the paper, see Section 1.7.1 for a discussion.

The subclass C ⊆ C is obviously T-stable in C , and it is easy to see that intersection of
two T-stable classes is again T-stable. This leads to the following definition.

Let B be a subset of C . We refer to B as the base set. The T-stable subclass of C generated
by B denoted by ⟨B⟩C is by definition the smallest subclass of C which contains B and which
is T-stable; it is obtained by taking the intersection of all T-stable subclasses S of C that
contain B. If C is the class of all tropical fans, we just write ⟨B⟩.

An important example of the base set is the set B defined as follows. Denote by 0 the cone
{0}. By an abuse of the notation, we denote by 0 the fan consisting of unique cone 0. Denote
by (0, n), n ∈ Z ∖ {0}, the tropical fan of dimension 0 with weight function taking value n
on 0. Let Λ be the complete tropical fan in R that consists of three cones 0,R⩾0, and R⩽0

endowed with constant weight equal to 1 on R⩾0 and R⩽0. We set

B := {(0, n), n ∈ Z ∖ {0}} ∪ {Λ} .

As we show later, already in this very simple case, ⟨B⟩ contains many interesting fans. For
instance, generalized Bergman fans are all in this class, but ⟨B⟩ is strictly larger.

A tropical fan is called quasilinear if it belongs to ⟨B⟩. By definition, this means that the
tropical fan can be obtained from the collection B by performing a sequence of three above
operations on tropical fans. More precisely, a tropical fan is quasilinear if it either belongs to
B, or, is a product of two quasilinear fans, or, is the stellar subdivision or stellar assembly of
a quasilinear fan, or, is obtained as a result of tropical modification of a quasilinear fan along
a tropical divisor which is itself quasilinear.
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T-stability can be defined for properties of tropical fans. If P is a predicate on tropical fans
and C is a class of tropical fans, then P is called T-stable in C if the subclass of tropical fans
in C which verify P is T-stable in C .

Remark 1.2. In earlier version of our work, we were using tropical shellability instead of
T-stability. In Appendix A, we introduce an algebraic framework that gives a conceptual
formulation of the notion of T-stability, and justifies the naming. The terminology quasilinear
instead of our former tropically shellable is borrowed from the work of Nolan Schock [Sch21]
which applies our results in the study of tropical compactifications of moduli spaces. ⋄

1.7. Stability results. Various geometric properties of tropical fans are shown to be T-stable
within an appropriate class.

1.7.1. Normality, local irreducibility, and div-faithfulness. A tropical fan (Σ, ωΣ) of dimension
d is called normal, resp. Q-normal, if for any cone τ ∈ Σd−1, any orientation of Στ is an
integer, resp. rational, multiple of the orientation ωΣτ induced from ωΣ. The following theorem
is proved in Section 9.1.

Theorem 1.3. Being Q-normal is T-stable. Being normal is T-stable in the class of unitary
tropical fans.

A tropical fan (Σ, ωΣ) is called irreducible, resp. Q-irreducible, at a face σ ∈ Σ provided
that any orientation of Σσ is an integer, resp. rational, multiple of the orientation ωΣσ induced
from ωΣ. We call (Σ, ωΣ) locally irreducible, resp. Q-locally irreducible, if it is irreducible, resp.
Q-irreducible, at any face σ ∈ Σ. The following theorem is proved in Section 9.2.

Theorem 1.4. Q-local irreducibility is T-stable. Local irreducibility is T-stable in the class of
unitary tropical fans.

We say that a fan Σ is divisorially faithful or simply, div-faithful, at a face η if the following
holds: For any meromorphic function f on Ση, if div(f) is trivial, then f is a linear function
on Ση. We call the tropical fan Σ div-faithful if Σ is div-faithful at any cone η ∈ Σ.

The next theorem is proved in Section 9.4.

Theorem 1.5. The property of being div-faithful is T-stable.

Div-faithful property plays an important role in our treatment of Kähler geometry for
tropical fans as Chow rings behave nicely under tropical modifications for div-faithful tropical
fans, see Section 1.8.1.

1.7.2. Principality. We say that a tropical fan (Σ, ωΣ) is principal at η if any divisor on Ση is
the divisor of a meromorphic function on (Ση, ωΣη). We call the tropical fan (Σ, ωΣ) principal
if Σ is principal at any cone η ∈ Σ. We say (Σ, ωΣ) is Q-principal if for any divisor D, an
integer multiple aD with a ∈ Z ∖ {0} is principal.

In Section 9.3, we prove the following theorem.

Theorem 1.6. Being Q-principal is T-stable within the class of Q-locally irreducible tropical
fans. Being principal is T-stable within the class of locally irreducible and unitary tropical
fans.

1.7.3. Poincaré duality. We have the following theorem whose proof is given in Section 10.

Theorem 1.7. Properties PDZ and PDQ are both T-stable in the class of div-faithful unimod-
ular tropical fans.

In particular, we deduce the following result.

Theorem 1.8. Any unimodular quasilinear fan verifies PDQ. A unimodular quasilinear fan
whose orientation takes values 1 or −1 on any facet verifies PDZ.
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1.7.4. Chow-Kähler property. In Section 11, we establish the following theorem. We say a
tropical fan (Σ, ωΣ) is effective provided that the orientation ωΣ takes positive values.

Theorem 1.9. The property of being Chow-Kähler is T-stable in the class of effective quasi-
projective unimodular tropical fans.

An immediate corollary of this theorem is the following result.

Theorem 1.10. Any effective unimodular quasi-projective quasilinear fan is Chow-Kähler.

1.8. Three key ingredients in the proofs. In establishing the above stability results, we
need to describe the behavior of the Chow rings under tropical modifications and stellar
subdivisions, and give a Chow-theoretic description of the introduced geometric notions. We
use three main ingredients in doing so. We briefly discuss them here.

1.8.1. Chow ring of a tropical modification. Section 6 is devoted to the study of the behavior
of Chow rings under tropical modifications. We prove the following important result.

Theorem 1.11 (Stability of the Chow ring under tropical modifications). Let (Σ̃, ωΣ̃) be the
tropical modification of the tropical fan (Σ, ωΣ) along (the divisor of) a meromorphic func-
tion f . Assume that Σ is div-faithful. We have an isomorphism

A•(Σ̃,Q) ≃ A•(Σ,Q)

and an isomorphism
MW•(Σ,Z) ≃ MW•(Σ̃,Z).

If in addition, either Σ is saturated or A•(Σ) torsion-free, then we have an isomorphism
between the Chow rings with integral coefficients

A•(Σ̃) ≃ A•(Σ).

The isomorphisms are all compatible with the degree maps.

The div-faithfulness is necessary in the theorem, see Example 12.12. Without this assump-
tion, we can prove that there is always a surjection from the Chow ring of Σ to that of Σ̃.
Saturation property is discussed in Section 2.8.

1.8.2. Keel’s lemma. Consider a unimodular fan Σ of dimension d and let σ be a cone in
Σ. Let Σ′ be the fan obtained by the unimodular stellar subdivision of σ in Σ. Denote by
A•(Σ)[T ] the polynomial ring in one variable T over the coefficient ring A•(Σ). For each ray
ζ ≺ σ, let xζ be the element in A1(Σ) given by the generator xζ .

Theorem 1.12 (Keel’s lemma). We have an isomorphism

A•(Σ′) ≃ A•(Σ)[T ]
/
(JT + P (T ))

where J is the kernel of the restriction map from A•(Σ) to A•(Σσ) and P (T ) is the product∏
ζ(xζ + T ) over rays ζ of σ.

This is a special case of a more general statement proved in [Kee92, Theorem 1 in the
appendix] on Chow rings of blow-ups of algebraic varieties. We give a combinatorial proof of
this key result in Section 10.5.

1.8.3. Localization lemma. Let Σ be a simplicial rational fan Σ in NR and consider the Chow
ring A•(Σ). Localization lemma provides an alternative presentation of each homogeneous
piece Ak(Σ) of the Chow ring. This turns out to be quite powerful in combinatorial treatment
of Chow rings.

For each cone σ of dimension k in Σ, let xσ be an indeterminate variable and let Zk(Σ) be
the free abelian group generated by xσ, σ ∈ Σk. Sending xσ to the product

∏
ρ xρ, ρ a ray of

σ, gives an embedding Zk(Σ) ↪→ Z[xρ | ρ ∈ Σ1]. Passing to the quotient by the ideal I + J

gives a map Zk(Σ) → Ak(Σ).
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Theorem 1.13 (Localization lemma). The map Zk(Σ) → Ak(Σ) is surjective and its kernel
is generated by elements of the form ∑

σ⊇τ
σ∈Σk

m(eτσ)xσ

for τ a face in Σk−1 and m an element of M which vanishes on Nτ .

Note that since m is vanishing on Nτ , it defines a linear map m : N
/
Nτ → Z, and so m(eτσ)

is well-defined.
This important result is a special case of a more general statement proved in [FMSS95,

Theorem 1]. We will provide a combinatorial proof in Section 3.8.

1.9. Sketch of the proof of the Kähler package for combinatorial geometries. A
special case of our Theorem 1.9 is a new proof of the Kähler property for Chow rings of
matroids, established in [AHK18]. In order to describe the geometric content of our T-stability
result, we provide a sketch of our proof of the Kähler property for matroids if we were to
rewrite it avoiding the use of T-stability. Note that this proof applies equally to any effective
unimodular quasilinear fan, and leads to Theorem 1.10.

Consider a Bergman fan Σm of dimension d and let X = |Σm| be the corresponding Bergman
fanfold. By a star fanfold of X we mean the fanfold of any star fan Σσ

m for any cone σ ∈ Σm.
All the star fanfolds of X are Bergman. We prove that any quasi-projective unimodular
generalized Bergman fan with support X is Chow-Kähler.

The proof goes as follows.
(1) A star fan of a quasi-projective unimodular generalized Bergman fan is itself a quasi-
projective unimodular generalized Bergman fan.
(2) Proceeding by induction on the rank of m, we can assume that all star fans Σσ, σ ̸= 0, of
any quasi-projective unimodular generalized Bergman fan Σ with support X are Chow-Kähler.
Using Keel’s lemma and weak factorization theorem [Wło97,Mor96], we deduce that it will
be enough to show the existence of one Chow-Kähler tropical fan with support X.
(3) If the matroid m is free, the Bergman fanfold X has support the entire space. In this
case, the product of the d copies of the projective line Λ (introduced in Section 1.6) gives
a Chow-Kähler fan with support X. Otherwise, there exists an element e of m such that
the deletion m ∖ e has the same rank as m. In this case, Σm/e is a tropical divisor in Σm∖e.
Proceeding by a second induction on the size of the ground set, we can suppose that Σm∖e

is Chow-Kähler. By the Chow-ring characterization of principal and div-faithfulness given in
Section 4.5, it follows Σm∖e is both div-faithful and principal. We infer that Σm/e is the divisor
of a holomorphic function on Σm∖e. This function is moreover unique up to addition by a
linear function. The tropical modification Σ̃m∖e of Σm∖e along Σm/e is well-defined and turns
out to have support equal to the Bergman fanfold X, a result proved by Shaw in their PhD
thesis [Sha13], see Lemma 8.11. By our Theorem 1.11, the Chow ring of Σ̃m∖e is isomorphic
to the Chow ring of Σm∖e. We infer the existence of a Chow-Kähler fan with support X.

1.10. Related work. Kähler package for the Chow ring of generalized Bergman fans was
established by Ardila, Denham and Huh in [ADH23] using weak factorization theorem and
the work [AHK18]. An alternative proof of the Chow-Kähler property for matroids using
semismall decompositions is provided in the work by Braden, Huh, Matherne, Proudfoot, and
Wang [BHM+22,BHM+20]. Parallel to these two works, a proof of the Kähler package for the
Chow ring of generalized Bergman fans along the above sketched lines appeared in the first
version of our work [AP20a].

Poincaré duality for the Chow ring of generalized Bergman fans is also proved using weak
factorization in the work by Gross and Shokrieh [GS21]. Chow-Kähler property for the degree
one part of the Chow ring of matroids (used in applications to log-concavity statements) is
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established in the work by Backman, Eur and Simpson [BES19] by using a simplicial repre-
sentation of the Chow ring of matroids.

We refer to the survey papers [Ard18,Bak18,Huh18,Ard22,Huh22,Oko22] for an overview
of the current developments of combinatorial Hodge theory.

1.11. Forthcoming work. In our companion work, we will provide several applications of
the results of this paper.
– We prove in [AP23a] a precise link between Chow rings of unimodular fans and the tropical
cohomology rings of their canonical compactifications. In the case of matroids, when the
matroid m is realizable over a field, by the work of Feichtner and Yuzvinsky [FY04], the Chow
ring A•(Σm) is the Chow ring of a smooth projective variety over the same field. Moreover,
as it is noted in [AHK18, Theorem 5.12], a Chow equivalence between a smooth projective
variety over a field and the toric variety PΣm

implies that the matroid m is realizable over
that field. In this regard, it came somehow as a surprise that in the non-realizable case, the
Chow ring A•(Σm), which is the Chow ring of a non-complete smooth toric variety, verifies all
the nice properties enjoyed by the cohomology rings of projective complex manifolds. That
said, the fact that any matroid is realizable over the tropical hyperfield (see the recent work
of Baker and Bowler [BB19]), suggested that a similar geometric picture to the realizable case
arise in the general situation. The Hodge isomorphism theorem proved in [AP23a] confirms
this by showing that the ring A•(Σm) is still the cohomology ring of a smooth projective
tropical variety. The result gives as well an alternative representation of the Chow rings of
matroids (and more general quasilinear tropical fans), adding a tropical viewpoint to the work
of Feichtner and Yuzvinsky [FY04], Brion [Bri96], and Billera [Bil89].
– Homological properties of tropical fans are further studied in our paper [AP23b]. We es-
tablish an analogue of the Deligne weight spectral sequence for tropical fans, relating the
cohomology of the fan to the Chow rings of its star fans.
– Tropical Hodge theory in the global setting is developed in our work [AP20a]. Using Chow
rings of tropical fans, we introduce Kähler tropical varieties and establish a Hodge theory for
them. Note that we use the terminology Chow-Kähler in this paper because in the development
of Kähler geometry for tropical varieties, a tropical fan is called Kähler if in addition to being
Chow-Kähler, its corresponding tropical fanfold is a tropical homology manifold (i.e., the
tropical cohomology of any open subset verifies Poincaré duality).
– In [AP20b], we prove a tropical analogue of the Hodge conjecture for Kähler tropical varieties
which admit a rational triangulation.
– In [AP23c], we use the set-up of this paper to properly formulate and study the tropical
Monge-Ampère equation on tropical varieties. This is motivated by the work of Yang Li [Li20]
which reduces the SYZ conjecture in maximally degenerate families of complex algebraic
varieties to the existence of solutions to a tropical Monge-Ampère equation (once this has
been properly formulated).
– Although we often assume in the paper that tropical fans are unimodular, with a little extra
effort, our approach can be generalized to deal with rational simplicial fans when working
with Chow rings with rational coefficients, and more general simplicial fans when working
with Chow rings with real coefficients. Part of this generalization is discussed in the first
chapter of the second named author’s doctoral thesis [Piq21]. A full treatment of the topic
in this paper would have resulted in an increase in the length and technicality of the article.
For this reason, and to simplify presentation, we defer discussion of these results to a future
publication.

Basic notations. The set of natural numbers is denoted by N = {1, 2, 3, . . . }. For any
natural number n, we denote by [n] the set {1, . . . , n}.

The set of non-negative real numbers is denoted by R⩾0.
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For a lattice N , we view its dual M = N⋆ as linear forms on N .
Given a poset (P,⪯) and a functor ϕ from P to a category C, if ϕ is covariant (resp.

contravariant), then for a pair of elements τ ⪯ σ in P , we denote by ϕτ⪯σ (resp. ϕσ⪰τ ), the
corresponding map ϕ(τ) → ϕ(σ) (resp. ϕ(σ) → ϕ(τ)) in C, the idea being that in the subscript
of the map ϕ• representing the arrow in C, the first item refers to the source and the second to
the target. This convention will be in particular applied to the poset of faces in a polyhedral
complex.

For subsets A and B of a real vector space V , we write A+B for the subset of V consisting
of all the sums a+ b with a ∈ A and b ∈ B.

Acknowledgments. We thank the organizers and participants of the Banff workshop on
Algebraic Aspects of Matroid Theory (23w5149) who suggested a change in the terminology
regarding our earlier use of tropical shellability instead of T-stability.
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ematics Research Center, for support. M.P. has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation program
(grant agreement No. 101001995).

2. Preliminaries

The aim of this section is to introduce basic notations and definitions which will be used
all through the paper.

Throughout, N will be a free Z-module of finite rank and M = N⋆ = Hom(N,Z) will be
the dual of N . We denote by NQ, NR, MQ, MR the corresponding rational and real vector
spaces. We thus have MQ = N⋆

Q and MR = N⋆
R. For a polyhedral cone σ in NR, we use the

notation Nσ,R to denote the real vector subspace of NR generated by elements of σ and set
Nσ

R := NR
/
Nσ,R. If the cone σ is rational, we get natural lattices Nσ and Nσ in Nσ

R and Nσ,R,
respectively, which are both of full rank. The duals of Nσ and Nσ are denoted by Mσ and
Mσ, respectively.

For the ease of reading, we adopt the following convention. We use σ (or any other face of
Σ) as a superscript where referring to the quotient of some space by Nσ,R or to the elements
related to this quotient. In contrast, we use σ as a subscript for subspaces of Nσ,R or for
elements associated to these subspaces.

2.1. Fans. Let Σ be a fan of dimension d in NR. The dimension of a cone σ in Σ is denoted
by |σ|. The set of k-dimensional cones of Σ is denoted by Σk, and elements of Σ1 are called
rays. We denote by 0 the cone {0}. Any k-dimensional cone σ in Σ is determined by its set
of rays in Σ1. The support of Σ denoted |Σ| is the closed subset of NR obtained by taking
the union of all the cones in Σ. A fan Σ with |Σ| = NR is called complete. A facet of Σ is a
cone which is maximal for the inclusion. Σ is pure dimensional if all its facets have the same
dimension. The k-skeleton of Σ is by definition the subfan of Σ consisting of all the cones of
dimension at most k.

2.2. Face poset. For a fan Σ, we denote by LΣ the face poset of Σ in which the partial order
⪯ is given by the inclusion of faces: we write τ ⪯ σ if τ ⊆ σ and τ ≺ σ if τ ⊂ σ. Set 0 := 0.
The extended poset xLΣ is defined as xLΣ := LΣ ⊔ {1} obtained by adding an element 1 and
extending the partial order to xLΣ by declaring σ ≺ 1 for all σ ∈ LΣ.
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The join and meet operations ∨ and ∧ on LΣ are defined as follows. For two cones σ and
τ of Σ, we set σ ∧ τ := σ ∩ τ . To define the operation ∨, note that the set of cones in Σ which
contain both σ and τ is either empty or has a minimal element η ∈ Σ. In the former case,
we set σ ∨ τ := 1, and in the latter case, σ ∨ τ := η. The two operations are extended to the
augmented poset xLΣ by σ ∧ 1 = σ and σ ∨ 1 = 1 for any cone σ of Σ.

Notations. The above discussion leads to the following notations. Let τ and σ be a pair of
faces in Σ. We say σ covers τ and write τ ≺· σ if τ ≺ σ and |τ | = |σ| − 1. A family of faces
σ1, . . . , σk are called comparable if σ1 ∨ · · · ∨ σk ̸= 1. Moreover, we use the notation σ ∼ σ′

for two faces σ and σ′ if σ ∧ σ′ = 0 and σ ∨ σ′ ̸= 1.

2.3. Star fan. The star fan Σσ refers to the fan in Nσ
R = NR

/
Nσ,R induced by the cones η

in Σ which contain σ as a face. This is consistent with the terminology used in [AHK18] and
differs from the one in [Kar04,BBFK02] where this is called transversal fan.

Notations. For a cone η in Σ which is comparable to σ, we denote by ησ the corresponding
cone in Σσ. That is, ησ := (η +Nσ,R)

/
Nσ,R.

In the opposite direction, if ξ is a face of Σσ, then the set of faces of Σ corresponding to ξ
is by definition the set of all cones η in Σ which are comparable to σ, and verify ησ = ξ. They
form a sublattice of the lattice of faces of Σ. We use the notation pξ for the smallest, and qξ for
the largest of these elements. (The notation is justified by the operations of meet ∧ and join
∨ in lattice theory.) Note that |pξ| = |ξ| and that qξ = pξ ∨ σ.

In order to simplify the notation, we often drop the above notations for rays, and denote in
the same way a ray in the fan and in its star fans. That is, for a ray ζ in Σσ, pζ is denoted ζ.

2.4. Unit normal vectors. Let now Σ be a rational fan of pure dimension d. Let σ be a
cone of Σ and let τ be a face of codimension one in σ. Then, Nτ,R cuts Nσ,R into two closed
half-spaces only one of which contains σ. Denote this half-space by Hσ. By a unit normal
vector to τ in σ we mean any vector v of Nσ ∩Hσ such that Nτ + Zv = Nσ. We denote such
an element by nσ/τ . Two different choices of nσ/τ have the same projection in the quotient
lattice N τ

σ = Nσ

/
Nτ . We thus get a well-defined vector in N τ

σ that we denote by eτσ. In the
case σ = ρ is a ray and τ = 0, we simply use the notation eρ instead of nρ/0 = e

0
ρ.

2.5. Stellar subdivision. Let Σ be a rational fan. Let σ ∈ Σ be a cone of Σ. Let ρ be a
rational ray generated by a vector in the relative interior of σ. The blow-up of Σ along ρ,
also called the stellar subdivision of Σ along ρ, is the rational fan Σ(ρ) defined as follows (see
Figure 1). For any cone η ⪰ σ, we remove η from Σ, and replace it by the cones of the form
τ + ρ with τ any proper face of η which does not contain σ and such that τ + ρ intersects the
interior of η. We obtain a new fan with the same support which we denote by Σ(ρ). If Σ is the
blow-up of some fan Σ′ along a ray ρ, then Σ′ is called the stellar assembly of Σ or blow-down
of Σ along ρ. By an abuse of the terminology, we say a fan Σ̃ is obtained by a blow-up of Σ

along σ if there exists a ray ρ in the relative interior of σ as above so that Σ̃ coincides with
Σ(ρ).

If Σ is unimodular, a blow-up of Σ along σ is called unimodular if Σ(ρ) is still unimodular.
Such a blow-up is in fact unique. Indeed, for any face σ with rays ζ1, . . . , ζk, there is exactly
one ray ρ such that the blow-up along ρ is unimodular. This ray is generated by eζ1 + · · ·+eζk .
Via the link to toric geometry, the unimodular blow-up Σ̃ of Σ along σ corresponds to the
blow-up of the toric variety PΣ along the closure Dσ of the torus orbit T σ associated to σ.
For this reason, we denote this blow-up by Bℓσ(Σ).
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ρ −→ ρ

Figure 1. A blow-up along the ray ρ.

2.6. Local and fan irrelevant properties. A property P of rational fans is called local if
for any fan Σ verifying P , all the star fans Σσ for σ ∈ Σ also verify P .

Let N be a lattice and NR be the corresponding real vector space. Consider another lattice
N ′ in NR. Let Σ be a rational fan in NR and Σ′ a rational fan in N ′

R. We say that Σ and Σ′

have the same support if we have |Σ| = |Σ′| and |Σ| ∩N = |Σ′| ∩N ′.
We say the property P is fan irrelevant, or a property of the support, or we say P only

depends on the support, if the following property holds: For any two rational fans with the
same support Σ and Σ′ in NR and N ′

R, respectively, with NR = N ′
R, we have Σ verifies P if

and only if Σ′ verifies P .

2.7. Function theory. Let Σ be a fan in NR and let |Σ| be its support. The set of linear
functions on Σ is defined as the restriction to |Σ| of linear functions on NR; such a linear
function is defined by an element of MR. In the case Σ is rational, a linear function on Σ is
called integral, resp. rational, if it is defined by an element of M , resp. MQ.

Let f : |Σ| → R be a continuous function. We say that f is conewise linear on Σ if on each
face σ of Σ, the restriction f |σ of f to σ is linear. In such a case, we simply write f : Σ → R,
and denote by fσ the linear form on Nσ,R which coincides with f |σ on σ. If the linear forms
fσ are all integral, then we say f is meromorphic on Σ. We denote by M(Σ) the set of all
meromorphic functions on Σ. Pointwise addition of functions turns M(Σ) into a group of
finite rank.

A conewise linear function f : Σ → R is called convex, resp. strictly convex, if for each face
σ of Σ, there exists a linear function ℓ on Σ such that f − ℓ vanishes on σ and is non-negative,
resp. strictly positive, on η ∖ σ for any cone η ⪰ σ in Σ.

A fan Σ is called quasi-projective if it admits a strictly convex conewise linear function. A
projective fan is a fan which is both quasi-projective and complete. In the case Σ is rational,
it is quasi-projective, resp. projective, if and only if the toric variety PΣ is quasi-projective,
resp. projective.

2.8. Saturation. When working with integral coefficients, we need to require a saturation
property for rational fans to get rid of torsion in Chow groups. A rational fan Σ is called
saturated at σ, for a face σ ∈ Σ, if the set of integral linear functions on Σσ (i.e., those
induced by Mσ) coincides with the set of rational linear functions (i.e., elements of Mσ

Q)
whose restriction to any cone of Σσ is integral. This is equivalent to requiring the lattice
generated by the integral points |Σσ| ∩Nσ be saturated in Nσ.

We call a fan Σ saturated if it is saturated at all its faces.
For a discussion of the saturation with examples, we refer to Section 12.4.
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2.9. Set-theoretical convention. In this paper we work with fans modulo isomorphisms.
For a rational fan Σ, we denote by NΣ the restriction of the ambient lattice to the vector
subspace of NR spanned by Σ. Two rational fans Σ and Σ′ are called isomorphic if there exists
an integral linear isomorphism ϕ : NΣ ⊗ R ∼−→ NΣ′ ⊗ R inducing an isomorphism between NΣ

and NΣ′ such that for each face σ ∈ Σ, ϕ(σ) is a face of Σ′ and for each face σ′ ∈ Σ′, ϕ−1(σ′)
is a face of Σ.

Any rational fan is isomorphic to a fan in the space Rn endowed with the lattice Zn for a
sufficiently big n. Hence we can talk about the set of isomorphism classes of rational fans.
In practice, by an abuse of the language, we will make no difference between an isomorphism
class of rational fans and one of its representative.

2.10. Minkowski weights on rational fans. Let Σ be a rational fan in NR. Let K = Z or
Q. A Minkowski weight of dimension p on Σ with coefficient in K is a map w : Σp → K which
verifies the following balancing condition:

∀ τ ∈ Σp−1,
∑
σ·≻τ

w(σ)eτσ = 0 ∈ N τ .

We denote by MWp(Σ) the set of all Minkowski weights of dimension p on Σ with integral
coefficients. Addition of weights cell by cell turns MWp(Σ) into a group. The set of Minkowski
weights with rational coefficients is the vector space generated by MWp(Σ), and is denoted
by MWp(Σ,Q).

The support of a Minkowski weight w of dimension p is the set of all cones σ ∈ Σp with
w(σ) ̸= 0. A Minkowski weight is called effective if w takes only non-negative values. It is
called reduced if all the non-zero weights are equal to one, and called unitary if the non-zero
weights are equal to +1 or −1.

2.11. Orientability. We call a rational fan Σ of pure dimension d orientable if there exists
an element ω ∈ MWd(Σ) that has full support. We call any such ω an orientation of Σ.

Proposition 2.1. Orientability is both local and a property of the support. Moreover, the
product of two orientable fans is orientable.

Proof. Let Σ be a fan, and let ω ∈ MWd(Σ) be an orientation. For any cone σ ∈ Σ, the star
fan Σσ gets the induced orientation ωσ defined by ωσ(ησ) = ω(η), for any facet η ⪰ σ.

If Σ′ is another fan with the same support as Σ, then we get an induced orientation ω′ on
Σ′ by setting for any facet η′ ∈ Σ′, ω′(η′) := ω(η) where η is a facet of Σ which intersects
the interior of η′. One checks that ω′(η′) does not depend on the choice of η, and ω′ is an
orientation.

Finally, if Σ′ is any fan with an orientation ω′, the fan Σ × Σ′ can be endowed with the
orientation ω × ω′ defined by ω × ω′(η × η′) = ω(η) · ω′(η′) for any facets η ∈ Σ and η′ ∈ Σ′.
Obviously, ω × ω′ has full support.

A codimension one cone in Σ × Σ′ is of the form σ × τ ′ or τ × σ′ for facets σ and σ′ of
Σ and Σ′, and codimension one faces τ and τ ′ of Σ and Σ′, respectively. In either cases, the
balancing condition in Σ× Σ′ is a consequence of the balancing condition in Σ or Σ′. □

2.12. Tropical fans. A tropical fan is a pair (Σ, ωΣ) consisting of an orientable rational fan
Σ of pure dimension d endowed with the choice of an orientation ωΣ for Σ. We call ωΣ the
underlying orientation of Σ. For any τ of dimension d− 1, we have the balancing condition∑

σ·≻τ

ωΣ(σ)e
τ
σ = 0 in N τ .(2.1)

In the following, sometimes we omit the mention of ωΣ and simply write Σ when referring to
a tropical fan (Σ, ωΣ). Also, if there is no risk of confusion, we simplify ωΣ to ω.
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A tropical fan Σ is called effective if its underlying orientation ωΣ takes only positive values.
It is called unitary if ωΣ takes values 1 or −1 on any facet, and reduced if it is both effective
and unitary, i.e., ωΣ is constant equal to 1. As a direct consequence of the proof of Proposition
2.1, we get the following.

Proposition 2.2. Being effective, resp. unitary, resp. reduced, are local properties, properties
of the support, and closed by products.

Tropical fans arise naturally in connection with tropicalizations of subvarieties of algebraic
tori. A tropical fan (Σ, ωΣ) which arises as the tropicalization of a subvariety X of an algebraic
torus T = Spec(k[M ]) over a trivially valued field k is called realizable over k. A tropical
fan is called realizable if it can be realized over some field k. Results related to algebraic
and complex geometry can be found in [AR10, GKM09, KM09, Kat12, Bab14, BH17, Gro18]
and [MS15,MR18,BIMS15].

2.13. Generalized tropical line. Let (Σ, ωΣ) be a tropical fan of dimension one in NR. We
say Σ is a generalized tropical line if any proper subset of the set of vectors eρ, ρ ∈ Σ1, form
an independent set of vectors in NR and moreover the integers ωΣ(ρ), ρ ∈ Σ1, are coprime.
This is equivalent to requiring MW1(Σ) = ZωΣ.

2.14. Connectedness through codimension one. For any fan Σ of pure dimension d, we
define the (top dimensional) dual graph of Σ as follows. This is the graph G = (Σd, E) whose
vertex set is equal to the set of facets Σd and has an edge connecting any pair of facets σ and
η which share a codimension one face in Σ. We say Σ is connected through codimension one
if its dual graph is connected.

* * *

We now discuss two basic algebrogeometric terminologies for tropical fans.

2.15. Normal tropical fans. Let Σ be a tropical fan with underlying orientation ωΣ. We call
Σ normal or smooth in codimension one if for any cone τ ∈ Σd−1, we have MW1(Σ

τ ) = ZωΣτ .
That is, we require the one-dimensional star fan Στ endowed with the weights ωΣτ be a
generalized tropical line. This translates into the following property: for any cone τ ∈ Σd−1

and for any collection of integer numbers aσ for σ ·≻ τ , the relation∑
σ·≻τ

aσe
τ
σ = 0 ∈ N τ

implies that the coefficients aσ are all a multiple by a common integer λ of the weights ωΣ(σ).
We say that Σ is Q-normal if MW1(Σ

τ ,Q) = QωΣτ for any τ ∈ Σd−1.
We have the following proposition.

Proposition 2.3. Being normal for tropical fans is a local property. The product of two
normal tropical fans is normal. Being Q-normal is a property of the support. Moreover,
Q-normality and normality are equivalent for unitary tropical fans.

Proof. The first claim is obvious. The second follows from the definition of the product
orientation and the observation that the star fan of a cone of codimension one in the product
Σ × Σ′ coincides either with the star fan of a cone in Σ or with the star fan of a cone in Σ′.
The two last claims are straightforward. □

2.16. Irreducible tropical fans. We now present a tropical notion of irreducibility. We say
that a tropical fan Σ is irreducible at a face σ ∈ Σ provided that we have MWd−|σ|(Σ

σ) ≃ ZωΣσ .
A tropical fan irreducible at 0 is simply called irreducible. We call Σ locally irreducible if it
is irreducible at any face σ ∈ Σ. We define Q-irreducibility and Q-local irreducibility as
above working with rational coefficients, that is, Σ is Q-irreducible at a face σ provided that
MWd−|σ|(Σ

σ,Q) ≃ QωΣσ , and Σ is Q-locally irreducible if it is Q-irreducible at any face.
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Proposition 2.4. Being locally irreducible and Q-locally irreducible are local properties. Q-
local irreducibility is a property of the support. Moreover, for unitary tropical fans, Q-local
irreducibility and local irreducibility are equivalent.

Proof. The first claim is tautological from the definition. The second and third can be obtained
by a direct verification. □

The following theorem gives a link between normality and local irreducibility.

Theorem 2.5 (Characterization of locally and Q-locally irreducible tropical fans). The fol-
lowing assertions are equivalent for a tropical fan Σ.

(1) Σ is locally irreducible.
(2) Σ is normal and each star fan Σσ, σ ∈ Σ, is connected through codimension one.

Similarly, Σ is Q-locally irreducible if and only if it is Q-normal and each star fan Σσ, σ ∈ Σ,
is connected through codimension one.

Proof. Denote by d the dimension of Σ.
(1) ⇒ (2). Suppose Σ is locally irreducible. For a cone τ of codimension one in Σ, we have

MW1(Σ
τ ) = Zωτ . This implies that Σ is normal. It remains to prove that for any σ ∈ Σ,

the star fan Σσ is connected through codimension one. Let Gσ be the dual graph of Σσ, and
suppose for the sake of a contradiction that Gσ is not connected. This means we can find
a partition of the facets of Σσ into a disjoint union S1 ⊔ · · · ⊔ Sl, for an integer l ⩾ 2, so
that Sj form the connected components of Gσ. For each j, consider the restriction ωΣσ |Sj

and
extend it by zero to all the facets of Σσ to obtain the weight function αj : Σ

σ
d−|σ| → Z. The

elements αj all belong to MWd−|σ|(Σ
σ), and they are not scalar multiples of each other. This

contradicts the irreducibility of Σσ.
(2) ⇒ (1). We now prove the reverse implication. Suppose Σ is normal and moreover,

for each σ ∈ Σ, Σσ is connected through codimension one. Let σ be a face of Σ and let
α ∈ MWd−|σ|(Σ

σ) be a Minkowski weight of top dimension. We need to show that α = λωΣσ

for an integer λ. A codimension one face τ of Σσ is of the form ησ for a codimension one
face η ⪰ σ of Σ, and we have the equality of star fans Ση = (Σσ)τ . Applying the normality
condition to the codimension one face τ = ησ of Σσ, we infer the existence of an integer
λτ such that ατ = λτωΣη . Using now the connectivity of Σσ through codimension one, we
conclude that the scalars λτ are all equal. This shows α is a multiple of ωΣσ , as required.

The same reasoning gives the Q-statement. □

Proposition 2.6. The category of locally irreducible, resp. Q-locally irreducible, tropical fans
is closed under products.

Proof. This follows from Theorem 2.5, Proposition 2.3, and the observation that product
of two fans that are each connected through codimension one, is again connected through
codimension one. □

Theorem 2.5 justifies the following definition via Proposition 2.8.

Definition 2.7 (Irreducible components of a normal tropical fan). Let Σ be a (Q-)normal,
tropical fan of dimension d with underlying orientation ωΣ. Consider the dual graph G of Σ
with the set of vertices Σd. Any connected component of G with vertex set V ⊆ Σd defines a
subfan ΣV of Σ defined by

ΣV :=
{
η ∈ Σ

∣∣ η ⪯ σ for some σ ∈ V
}
.

The subfan ΣV comes with underlying orientation ωΣ|V which is tropical, (Q-)normal and
connected through codimension one. We refer to the subfans ΣV as (Q-)irreducible components
of Σ. ⋄
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We refer to Section 12.1 for an example, and an alternative definition of irreducible com-
ponents. The following proposition justify the terminology.

Proposition 2.8. Let Σ be a (Q-)normal tropical fan of dimension d. The (Q-)irreducible
components of Σ are (Q-)irreducible. Moreover, they induce a partition of the facets Σd.

Proof. This follows from the proof of Theorem 2.5. □

Note that the statement in the proposition only claims irreducibility at 0. This is weaker
than local irreducibility. We refer to Example 12.5 for an irreducible tropical fan at 0 that is
not locally irreducible.

3. Chow rings of fans

In this section, we review the definition of the Chow rings associated to rational simplicial
fans and discuss their basic properties. The new result here is a combinatorial proof of the
Localization lemma, Theorem 3.2, given in Section 3.8.

We work with integer coefficients unless it is explicitly stated that the coefficients are
rational numbers. We will require Σ be unimodular for the cycle class map and for Poincaré
duality with integer coefficients.

3.1. Definition of the Chow ring. Let Σ be a rational simplicial fan of dimension d in NR.
Consider the polynomial ring Z[xζ ]ζ∈Σ1 with indeterminate variables xζ associated to rays ζ
in Σ1. The Chow ring A•(Σ) of Σ with integer coefficients is by definition the quotient ring

A•(Σ) := Z[xζ ]ζ∈Σ1

/(
I + J

)
where

• I is the ideal generated by the products xρ1 · · · xρk , k ∈ N, such that ρ1, . . . , ρk are not
comparable in Σ, and

• J is the ideal generated by the elements of the form∑
ζ∈Σ1

m(eζ)xζ

for m ∈M = N⋆.
The ideal I + J is homogeneous and the Chow ring inherits a graded ring structure. We

can thus write
A•(Σ) =

⊕
k⩾0

Ak(Σ)

with the k-th degree piece Ak(Σ), k ∈ Z⩾0, generated by degree k monomials as Z-module.
For each ray ζ of Σ, we denote by xζ the image of xζ in A1(Σ). More generally, for each

cone σ with rays ρ1, . . . , ρ|σ|, we denote by xσ the product xρ1 . . . xρ|σ| .
A meromorphic function f ∈ M(Σ) gives an element of A1(Σ) denoted ℓ(f) and defined as

ℓ(f) :=
∑
ζ∈Σ1

f(eζ)xζ .

If Σ is unimodular, all the elements of A1(Σ) are of this form, and A1(Σ) can be identified
with the quotient space A1(Σ) ≃ M(Σ)

/
M , the space of meromorphic functions on Σ modulo

integral linear functions.
When the fan Σ is unimodular, we have the following characterization of the Chow ring,

cf. [Dan78,BDP90,Bri96,FS97].

Theorem 3.1. Let Σ be a unimodular fan, and denote by PΣ the corresponding toric variety.
The Chow ring A•(Σ) is isomorphic to the Chow ring of PΣ.
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In order to distinguish the fan we are referring to, we sometimes denote by NΣ and MΣ the
lattices underlying the definition of Σ, MΣ = N⋆

Σ , and denote by IΣ and JΣ the ideals used in
the definition of the Chow ring A•(Σ).

The Chow ring with rational, resp. real, coefficients, are denoted byA•(Σ,Q), resp.A•(Σ,R),
and defined as

A•(Σ,Q) = A•(Σ)⊗Z Q and A•(Σ,R) = A•(Σ)⊗Z R.

3.2. Localization lemma. Consider a rational simplicial fan Σ in NR. We do not assume in
this subsection that Σ is tropical.

Consider the Chow ring A•(Σ). For each cone σ ∈ Σ, let xσ be an indeterminate variable
and define Zk(Σ) :=

⊕
σ∈Σk

Zxσ. We have a natural embedding

Zk(Σ) =
⊕
σ∈Σk

Zxσ ↪→ Z[xρ | ρ ∈ Σ1]

xσ 7→
∏
ρ⪯σ
|ρ|=1

xρ.

This gives an additive map
Zk(Σ) → Ak(Σ)

which sends xσ to xσ. We denote the kernel of this map by Zk
0 .

Theorem 3.2 (Localization lemma). The map Zk(Σ) → Ak(Σ) is surjective and its kernel
Zk
0 is generated by elements of the form∑

σ·≻τ

m(nσ/τ )xσ

for τ in Σk−1 and m an element in M that vanishes on Nτ (equivalently, m ∈M τ ).

Note in particular that Ak(Σ) = 0 for k > dim(Σ).

Proof. This is a special case of a more general result stated in [FMSS95, Theorem 1], which
establishes an isomorphism between the Chow groups of a variety endowed with an action of
a solvable linear algebraic group on one side, and equivarient Chow groups associated to the
variety, defined by cycles and relations which are invariant under the action of the group. A
generalization of the result can be found in [Tot14]; see also [Fra06,Jos01,Pay06].

We will provide a combinatorial proof of this result in Section 3.8. □

3.3. Duality between Chow groups and Minkowski weights. In the case the fan Σ is
unimodular, the localization lemma provides an isomorphism MWk(Σ) ≃ Ak(Σ)⋆. Namely,
for any non-negative integer k, consider the pairing

⟨· , ·⟩ : Zk(Σ)×MWk(Σ) −→ Z
xσ , w 7−→ w(σ), σ ∈ Σk, w ∈ MWk(Σ),

extended linearly to all Zk. We have the following duality theorem.

Theorem 3.3 (Duality Theorem). Suppose Σ is unimodular. The bilinear pairing above
vanishes on the kernel Zk

0 (Σ) of the map Zk(Σ) → Ak(Σ). The induced map MWk(Σ) →
Ak(Σ)⋆ is an isomorphism.

Proof. See [AHK18] for more details. The first assertion follows from the balancing condition
for the Minkowski weight w and the localization lemma. The second assertion is again a direct
consequence of the localization lemma, and of the following fact (see also [AHK18, Proposition
5.6]). An integer valued function w : Σk → Z is a Minkowski weight if and only if it is
orthogonal to Zk

0 via the pairing ⟨· , ·⟩, that is, MWk(Σ) can be identified with Zk
0 (Σ)

⊥. □
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Remark 3.4. There is one subtle point here worth emphasizing. In general, the pairing
between Ak(Σ) and MWk(Σ) is not perfect. Indeed, as we will show in Examples 12.11 and
12.14, the Chow ring Ak(Σ) can have torsion, in which case, Ak(Σ) cannot be isomorphic to
MWk(Σ)

⋆. We discuss torsion-freeness of Chow rings of tropical fans further in Section 4. ⋄

3.4. Künneth formula. The Chow ring and Minkowski weights of a product of two simplicial
fans is described as follows. The tensor products in this section are all over Z.

Proposition 3.5 (Künneth formula). Let Σ and Σ′ be two rational simplicial fans. Then,

A•(Σ× Σ′) ≃ A•(Σ)⊗A•(Σ′) and MW•(Σ× Σ′) ≃ MW•(Σ)⊗MW•(Σ
′).

The first isomorphism is moreover a ring isomorphism.

Künneth formula for Chow rings of toric varieties is known, see [FMSS95, Theorem 2].

Proof. We have MΣ×Σ′ ≃MΣ ×MΣ′. It is easy to check that

IΣ ⊗ Z[xζ | ζ ∈ Σ′
1] + Z[xζ | ζ ∈ Σ1]⊗ IΣ′ = IΣ×Σ′, and

JΣ ⊗ Z[xζ | ζ ∈ Σ′
1] + Z[xζ | ζ ∈ Σ1]⊗ JΣ′ = JΣ×Σ′.

The statement about the Chow rings then follows because the tensor product is right-exact.
For Minkowski weights, there is a perfect pairing Zk(Σ)×Wk(Σ) → Z where Wk(Σ) ≃ ZΣk

denotes the additive group of all the integer valued maps w : Σk → Z. Taking the orthogonal
sum over different degrees leads to a perfect pairing between Z•(Σ) :=

⊕d
k=0

Zk(Σ) and
W•(Σ) :=

⊕d
k=0

Wk(Σ).
Let as before Zk

0 (Σ) be the kernel of the surjective map Zk(Σ) → Ak(Σ). By Localization
lemma, we have MWk(Σ) ≃ Zk

0 (Σ)
⊥ (see the proof of Theorem 3.3). By the description of Zk

0

given by Localization lemma, we deduce that

Z•
0 (Σ× Σ′) = Z•

0 (Σ)⊗ Z•(Σ′) + Z•(Σ)⊗ Z•
0 (Σ

′).

Taking the orthogonal of each side in W•(Σ × Σ′) ≃ W•(Σ) ⊗ W•(Σ
′), we get the desired

isomorphism MW•(Σ× Σ′) ≃ MW•(Σ)⊗MW•(Σ
′). □

3.5. Degree maps. Let Σ be unimodular. Using the isomorphism MWd(Σ) ≃ Ad(Σ)⋆, we
associate to any element ω ∈ MWd(Σ), the corresponding degree map degω defined by

degω : A
d(Σ) → Z
xσ 7→ ω(σ).

If Σ is a unimodular tropical fan with underlying orientation ωΣ, we obtain a well defined
degree map degΣ : A

d(Σ) → Z by setting degΣ := degωΣ
, that we abbreviate to deg if there is

no risk of confusion. Moreover, for each cone σ ∈ Σ, we denote by degσ : A
d−|σ|(Σσ) → Z the

corresponding degree map, that is, degσ = degΣσ .

3.6. Cycle class map. Let Σ be a unimodular tropical fan with underlying orientation ωΣ

and the corresponding degree map degΣ.
The composition of the product map in the Chow ring with the degree map gives a bilinear

pairing

Ak(Σ)×Ad−k(Σ) Ad(Σ) Z,

(α, β) degΣ(α · β),

for each non-negative integer k ⩽ d. This leads to a map Ak(Σ) → Ad−k(Σ)⋆ which sends an
element α ∈ Ak(Σ) to the element

(
β 7→ degΣ(α · β)

)
of Ad−k(Σ)⋆.
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Definition 3.6 (Cycle class map). Let Σ be a tropical fan. For any integer k, the cycle class
map cl is the map

cl : Ak(Σ) → MWd−k(Σ)

given by the composition of the following maps

Ak(Σ) → Ad−k(Σ)⋆ ∼−→ MWd−k(Σ). ⋄

Concretely, for each element α ∈ Ak(Σ), cl(α) is the Minkowski weight in MWd−k(Σ)
defined by

cl(α) : Σd−k → Z
σ 7→ degΣ(α · xσ).

3.7. Restriction and Gysin maps. Chow rings of a rational simplicial fan Σ and their star
fans are related by two types of maps called restriction and Gysin, that we discuss now.

For a pair of cones τ ⪯ σ in Σ, we define the restriction and Gysin maps i∗τ⪯σ and Gysσ⪰τ

between the Chow rings of Στ and Σσ.
The restriction map

i∗τ⪯σ : A
•(Στ ) → A•(Σσ)

is a graded Z-algebra homomorphism

i∗τ⪯σ : A
1(Στ ) → A1(Σσ)

defined on generating sets by

∀ ρ ∈ Στ
1 , i∗τ⪯σ(xρ) =


xρ if σ ∼ ρ,

−
∑

ζ∈Σσ
1
m(e

pζ
)xζ if ρ ∈ σ,

0 otherwise,

where
• in the first equality, we view the ray ρ of Στ as a ray pρ in Σ, and identify it with a ray

in Σσ.
• in the second equality, m is any element in M τ = (N τ )⋆ that takes value 1 on eρ and

value zero on other rays of στ . The ray pζ is the one in Στ associated to ζ ∈ Σσ
1 .

Note that any two such choices of m and m′ differ by an element which vanishes on Nσ, that
is, by an element of Mσ. This means the element

∑
ζ∈Σσ m(eζ)xζ in A1(Σσ) does not depend

on the choice of m.
The Gysin map is the Z-module morphism

Gysσ⪰τ : A
•(Σσ) −→ A•+|σ|−|τ |(Στ )

defined as follows. Let r = |σ|− |τ |, and denote by ρ1, . . . , ρr the rays of σ which are not in τ .
Consider the Z-module map

Z[xζ ]ζ∈Σσ
1
−→ Z[xζ ]ζ∈Στ

1

defined by multiplication by xρ1xρ2 . . . xρr . Obviously, it sends an element of the ideal IΣσ in
the source to an element of the ideal IΣτ in the target. Moreover, the projection

N τ = N
/
Nτ −↠ Nσ = N

/
Nσ

gives an injection
Mσ = (Nσ)⋆ ↪−→M τ = (N τ )⋆.

This shows that the elements of JΣσ in the source are sent to elements of JΣτ in the target
as well. Passing to the quotient, we get a Z-module map

Gysσ⪰τ : A
k(Σσ) −→ Ak+|σ|−|τ |(Στ ).

The following proposition gathers some basic properties of the restriction and Gysin maps.
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Proposition 3.7. Let τ ⪯ σ be a pair of faces, and let x ∈ A•(Στ ) and y ∈ A•(Σσ). Let στ

be the face associated to σ in Στ , and let xσ/τ be the associated element of A|σ|−|τ |(Στ ). Then,
we have the following compatibility properties between the restriction and Gysin maps.

The restriction map i∗τ⪯σ is a surjective ring homomorphism.(3.1)
We have Gysσ⪰τ ◦ i∗τ⪯σ(x) = xσ/τ · x.(3.2)

We have Gysσ⪰τ (i
∗
τ⪯σ(x) · y) = x ·Gysσ⪰τ (y) called (Projection Formula).(3.3)

Proof. In order to simplify the presentation, we drop the indices of Gys and i∗. Proper-
ties (3.1) and (3.2) follow directly from the definitions. From Equation (3.2), we can deduce
Equation (3.3) by the following calculation. Let ỹ be a preimage of y by i∗. Then,

Gys(i∗(x) · y) = Gys(i∗(x · ỹ)) = xδ/γ · x · ỹ = x ·Gys ◦ i∗(ỹ) = x ·Gys(y). □

Assume now that Σ is a tropical fan, and for each cone σ ∈ Σ, let degσ : A
d−|σ|(Σσ) → Z

be the corresponding degree map.

Proposition 3.8. Notations as in Proposition 3.7, assume Σ is a tropical fan. Then, we have

(3.4) degσ = degτ ◦Gysσ⪰τ .

Moreover, Gysσ⪰τ and i∗τ⪯σ are dual in the sense that

(3.5) degτ (x ·Gysσ⪰τ (y)) = degσ(i
∗
τ⪯σ(x) · y).

Proof. We drop the indices of Gys and i∗. For Equation (3.4), let η be a facet of Σσ. Let qη
be the corresponding cone containing στ in Στ , that is maximal among all the cones in Στ

containing στ . We have the respective elements x
qη ∈ Ad−|τ |(Στ ) and xη ∈ Ad−|σ|(Σσ). By

definition of the degree maps, degτ (xqη) = degσ(xη). Using the definition of Gys, we get that
x

qη = Gys(xη), from which we conclude degσ = degτ ◦Gys. Finally, we obtain Equation (3.5)
by the chain of equalities

degτ (x ·Gys(y)) = degτ (Gys(i∗(x) · y)) = degσ(i
∗(x) · y). □

3.8. Combinatorial proof of Localization lemma 3.2. In this section, we give a combi-
natorial proof of Theorem 3.2. The result is used by Adiprasito-Huh-Katz [AHK18] to deduce
the duality between Chow groups and Minkowski weights of unimodular fans. While the other
proofs in [AHK18] are written to be accessible to a combinatorial audience, this one refers
to [FMSS95], which studies equivariant Chow rings of algebraic varieties admitting a solvable
group action. The proof we give is elementary and arguably more transparent. Moreover,
combined with a similar in spirit result proved in [Ami16] for the combinatorial Chow rings of
products of graphs, it suggests a more general theory of combinatorial Chow rings associated
to semistable degenerations of algebraic varieties, that merits a further study.

3.8.1. Admissible expansions. Let Σ be any simplicial rational fan. It will be convenient in
the course of the proof to introduce the following notation. For an element ℓ ∈M = N⋆, let

xℓ :=
∑
ρ∈Σ1

ℓ(eρ)xρ.

Let Bk be the group of homogeneous polynomials of degree k in Z[xρ | ρ ∈ Σ1] and
Zk =

⊕
σ∈Σk

Zxσ, which can be identified with a subgroup of Bk via the identification between
xσ and the monomial

∏
ρ⪯σ
ρ∈Σ1

xρ. Recall that I is the ideal in Z[xρ | ρ ∈ Σ1] generated by the

products xρ1 · · · xρs , s ∈ N, such that ρ1, . . . , ρs are not comparable Σ, and that J is the ideal
generated by the elements xℓ for ℓ ∈M .

We have to show that Zk → Bk
/
Bk ∩ (I + J) is surjective and determine its kernel. We

will prove the latter, the former becomes clear in the course of the proof; one can also find a
proof of the surjectivity in [AHK18].
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Let Kk be the subgroup of Bk generated by elements of the form∑
ρ∈Σ1
ρ∼τ

ℓ(eρ)xρxτ ,

for τ ∈ Σk−1 and ℓ an element in M which is orthogonal to τ , that is, ℓ ∈ M τ . Consider an
element a of Bk ∩

(
I + J

)
which belongs to Zk. We shall prove that a ∈ Kk.

First, notice that we can write a as an element of I plus a sum of monomials of the form
xℓxζ2 · · · xζk for some ℓ ∈M = N⋆ and rays ζ2, . . . , ζk. The first step is to prove the following
result.

Claim 3.9. Each element a ∈ Bk ∩ (I + J) can be written as a sum consisting of an element
in I and a sum consisting of elements of the form xℓ1xℓ2 · · · xℓsxτ for s ∈ N, τ ∈ Σk−s, and
ℓ1, . . . , ℓs ∈M .

An expansion of the form described in the claim for an element a ∈ Bk ∩ (I + J) will be
called admissible in the sequel.

Proof. It will be enough to prove the statement for elements a of the form xℓ1 · · · xℓsx
κs+1

ζs+1
· · · xκr

ζr
with κs+1 ⩾ . . . ⩾ κr and distinct and comparable rays ζs+1, . . . , ζr that form the rays of a
cone τ of dimension r − s in Σ. Actually, the case s = 1 will already give the result, but
considering arbitrary values for s allows to proceed by induction on the lexicographical order
of the k-tuples of non-negative integer numbers.

To a term of the form xℓ1 · · · xℓsx
κs+1

ζs+1
· · · xκr

ζr
with κs+1 ⩾ . . . ⩾ κr we associate the k-tuple

of integers (κs+1, . . . , κr, 0, . . . , 0) with k − r + s zero terms. We now show that an element
as above with κs+1 > 1 can be rewritten as the sum of an element of I and a sum of terms of
the above form having a k-tuple with strictly smaller lexicographical order.

So suppose κs+1 > 1. We take a linear form l which takes the value one on eζs+1 and 0 on
the other rays ζs+2, . . . , ζr. This is doable since τ is simplicial. Using

xl = xζs+1 +
∑
ρ∈Σ1
ρ̸⪯τ

l(eρ)xρ,

we get

xℓ1 · · · xℓsx
κs+1

ζs+1
· · · xκr

ζr
= xℓ1 · · · xℓsxlx

κs+1−1
ζs+1

xκs+2

ζs+2
· · · xκr

ζr

−
∑
ρ∈Σ1
ρ̸⪯τ

l(eρ)xℓ1 · · · xℓsxρx
κs+1−1
ζs+1

xκs+2

ζs+2
· · · xκr

ζr
.

Each term in the right hand side is either in I or is of the form described above with a lower
lexicographic order. Proceeding by induction, we get the claim. □

3.8.2. An auxilary filtration. Using admissible expansions, we now introduce an increasing
filtration F• on Zk ∩ (I + J) as follows.

First, for each s > 0, denote by Gs the group generated by the elements of Bk of the form
xℓ1 · · · xℓsxτ for some linear forms ℓ1, . . . , ℓs ∈M and for some τ ∈ Σk−s. Moreover, for s = 0,
define the subgroup G0 ⊆ G1 as the one generated by the elements of the form xℓxτ for some
τ ∈ Σk−1 and some linear form ℓ orthogonal to τ .

For any t ⩾ 0, let Ht := G0 + · · ·+ Gt and define Ft := Zk ∩ (Ht + I). Note that Ht is the
subgroup generated by the elements which admit an admissible expansion having only terms
xℓ1xℓ2 · · · xℓsxτ with s ⩽ t. In this way, we get a filtration

F0 ⊆ F1 ⊆ · · · ⊆ Fk−1 ⊆ Fk ⊆ Zk ∩ (I + J).

We now prove that all these inclusions are equalities.
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Claim 3.10. We have F0 = F1 = · · · = Fk−1 = Fk = Zk ∩ (I + J).

Proof. By Claim 3.9, we have Fk = Zk ∩ (I + J), which proves the last equality. We prove
all the other equalities.

So fix s > 0 and let a be an element of Fs = Zk ∩ (Hs + I) admitting an admissible
expansion consisting of an element of I plus a sum of terms each in G1, . . . ,Gs−1 or Gs. We
need to show that a ∈ Fs−1.

We can assume there is a term of a in this admissible expansion which lies in Gs, i.e., of
the form xℓ1 · · · xℓsxτ , with τ ∈ Σk−s. Otherwise, the statement a ∈ Fs−1 holds trivially.
Consider all the terms in the admissible expansion of a which are of the form xℓ′1 · · · xℓ′sxτ with
the same cone τ , but with possibly different linear forms ℓ′1, . . . , ℓ′s. We will prove that the
sum of those terms that we denote by aτ belongs to Gs−1+ I. Applying this to any τ ∈ Σk−s,
we obtain a ∈ Fs−1 and the claim follows.

For each ray ρ of τ , choose a linear form ℓρ,τ which takes value one on eρ and zero on
other rays of τ . This is again possible since Σ is simplicial. Then, ℓ1, for instance, can be
decomposed as the sum

ℓ1 = l1 +
∑
ρ⪯τ
ρ∈Σ1

ℓ1(eρ)ℓρ,τ

with l1 vanishing on τ .
The observation now is that the term xl1xℓ2 · · · xℓsxτ belongs to Gs−1+I: this is by definition

if s = 1, and for s > 1, it is obtained by expanding the product

xl1xℓ2 · · · xℓsxτ =
∑
ρ∈Σ1
ρ̸⪯τ

l1(eρ)xρxℓ2 · · · xℓsxτ

and by observing that each term in the right hand side is either in I or is in Gs−1. (Note that
the sum is on rays ρ ̸⪯ τ because l1 vanishes on τ .) Hence, in proving that aτ belongs to
Gs−1 + I, we can ignore this term.

Decomposing in the same way each xℓi which appears in a term in the initial admissible
expansion of aτ , we can rewrite aτ as a sum of terms which already belong to Hs−1 + I plus
a sum of terms of the form

(3.6)
∏
ρ⪯τ
ρ∈Σ1

xκρ

ℓρ,τ
xτ , κρ ∈ Z⩾0.

Altogether, these give a new admissible expansion of a in which aτ (defined as before in the
new admissible expansion) is a sum of the terms of the form in (3.6). We will work from now
on with this admissible expansion of a.

Fix non-negative integers κρ for rays ρ of τ whose sum is s. Denote by
[∏

ρ∈τ xκρ+1
ρ

]
a the

coefficient of this monomial in a written as sum of monomials in Bk. Since a belongs to Zk,
all the monomials of a are square-free. But the product

∏
ρ∈τ xκρ+1

ρ is not square-free since
s > 0. Hence, the corresponding coefficient is zero.

Consider now the monomial
∏

ρ∈τ xκρ+1
ρ . We will look in which terms in the admissible

expansion of a it can occur. Such a monomial cannot appear in a term of the admissible
expansion of a which belongs to I. It cannot neither be in a term of a of the form xλ1 · · · xλs′xσ
with σ ∈ Σk−s′ with s′ < s nor with σ ∈ Σk−s and σ ̸= τ .

It follows that the monomial
∏

ρ∈τ xκρ+1
ρ can only appear in the terms of aτ . More precisely,

by the definition of ℓρ,τ , it can only appear in each term of the form
∏

ρ⪯τ xκρ

ℓρ,τ
xτ for the chosen

κρ, and with coefficient one in each term. Hence, the sum of these terms have to cancel out.
This proves that aτ is zero in the new admissible expansion, which shows that a ∈ Fs−1 and
the claim follows. □
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3.8.3. End of the proof. We can now finish the proof of the lemma.

Proof of Lemma 3.2. Recall that Kk is the set generated by elements of the form∑
ρ∈Σ1
ρ∼τ

ℓ(eρ)xρxτ ,

where τ ∈ Σk−1 and ℓ is orthogonal to τ . The following facts are then clear:

F0 ⊆ Kk + I, Kk ⊆ Zk, and I ∩ Zk = {0}.
Since F0 ⊆ Zk, we deduce that F0 ⊆ Kk. Applying Claim 3.10, we get Zk ∩ (I + J) = F0

which implies Zk ∩ (I + J) ⊆ Kk. The inclusion Kk ⊆ Zk ∩ (I + J) is obvious. So we get
Zk ∩ (I + J) = Kk which concludes the proof. □

4. Tropical divisors

In this section, we consider a tropical fan Σ of dimension d in NR and study divisors
associated to meromorphic functions on Σ. Based on this, we define three classes of tropical
fans: the class of principal, resp. Q-principal, resp. div-faithful, tropical fans.

4.1. Divisors on fans. Let Σ be a fan. A divisor of Σ is an element D of MWd−1(Σ), that is,
a Minkowski weight D : Σd−1 → Z. We denote by Div(Σ) the group of divisors on Σ and note
that we have Div(Σ) = MWd−1(Σ). Using the terminology of Section 2.10, we call a divisor
D effective if the coefficients D(τ), τ ∈ Σd−1, are all non-negative, and we say it is reduced if
all its weights are equal to zero or one. In the case of a non-zero reduced divisor D, we can
identify D with its support ∆ that we view as a tropical subfan of Σ. If D is trivial, that is,
the weights in D are all equal to zero, then, the corresponding support is ∆ = ∅, although,
this is not a subfan of Σ.

Working with rational coefficients, we set DivQ(Σ) = MWd−1(Σ,Q).

4.2. Principal divisor associated to meromorphic functions on tropical fans. Let
Σ be a tropical fan with underlying orientation ω = ωΣ : Σd → Z. Let f ∈ M(Σ) be a
meromorphic function on Σ. We denote by fη the linear form induced by f on Nη,R, for each
η ∈ Σ.

Let τ be a face of codimension one in Σ. The order of vanishing of f along τ denoted by
ordτ (f) is defined as

ordτ (f) := −
∑
σ·≻τ

ω(σ)fσ(nσ/τ ) + fτ

(∑
σ·≻τ

ω(σ)nσ/τ

)
with the sums running over all the cones σ ∈ Σd that contain τ . Note that the last term is
well-defined since the sum belongs to Nτ by the balancing condition. Moreover, if f is linear,
then we have div(f) = 0.

Proposition 4.1. Notations as above, the order of vanishing ordτ (f) is well-defined. That
is, ordτ (f) is independent of the choice of normal vectors nσ/τ ∈ Nσ.

Proof. For each pair σ ·≻ τ , two different choices nσ/τ and n′σ/τ of normal vectors differ by a
vector in Nτ . It follows that

−
∑
σ·≻τ

ω(σ)fσ(nσ/τ ) + fτ

(∑
σ·≻τ

ω(σ)nσ/τ

)
+

∑
σ·≻τ

ω(σ)fσ(n
′
σ/τ )− fτ

(∑
σ·≻τ

ω(σ)n′σ/τ

)
= −

∑
σ·≻τ

ω(σ)fσ(nσ/τ − n′σ/τ ) + fτ

(∑
σ·≻τ

ω(σ)
(
nσ/τ − n′σ/τ

))
= −

∑
σ·≻τ

ω(σ)fτ (nσ/τ − n′σ/τ ) + fτ

(∑
σ·≻τ

ω(σ)
(
nσ/τ − n′σ/τ

))
= 0. □
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The order of vanishing function gives a weight function ord(f) : Σd−1 → Z. If ord(f)
is constant equal to zero, we associate to f the empty divisor. Otherwise, we associate to
f the data of the pair (∆, w := ord(f)) with ∆ the fan defined by the support of ord(f),
that is, by the cones τ of dimension d − 1 in Σ with ordτ (f) ̸= 0, and with the weight
function w : ∆d−1 → Z ∖ {0} given by w(τ) = ordτ (f). We have the following result, see
[AR10, Section 3].

Proposition 4.2. Notations as above, ord(f) is a divisor in Σ. In the case the divisor is
nontrivial, it follows that (∆, w) is a tropical fan.

Definition 4.3 (Principal divisors). Let Σ be a tropical fan. For any meromorphic function on
Σ, we denote by div(f) the divisor associated to f . Such divisors are called principal. Principal
divisors form a subgroup of Div(Σ) that we denote by Prin(Σ). The vector subspace of DivQ(Σ)
generated by Prin(Σ) is denoted by PrinQ(Σ). Its elements are called Q-principal. ⋄

Definition 4.4 (Holomorphic functions). A meromorphic function f on Σ is called holomor-
phic in the sequel if the principal divisor div(f) is effective. ⋄

Note that if Σ is normal, then a meromorphic function f on Σ is holomorphic if and only
if it is concave in codimension one. This property might fail to hold for fans which are not
normal.

4.3. Principal and div-faithful tropical fans. We now introduce tropical fans on which
divisors behave nicely.

Let Σ be a tropical fan with underlying orientation ω = ωΣ, and denote by ωσ = ωΣσ the
induced orientation on the star fan Σσ, σ ∈ Σ.

Definition 4.5. Let Σ be a tropical fan and let η be a cone in Σ.
• We say that Σ is principal at η if any divisor on Ση is principal for the orientation

given by ωη. We call the tropical fan Σ principal if Σ is principal at any cone η ∈ Σ.
• We say that Σ is Q-principal at η if for any divisor D on Ση, D is Q-principal, i.e., an

integer multiple aD for a ∈ Z ∖ {0} is principal. We say that Σ is Q-principal if Σ is
Q-principal at any cone η ∈ Σ.

• We say that Σ is divisorially faithful or simply div-faithful at η if for any meromorphic
function f on Ση, if div(f) is trivial in Div(Ση), then f is a linear function on Ση. We
say the tropical fan Σ is div-faithful if Σ is div-faithful at any cone η ∈ Σ. ⋄

The importance of div-faithful property in our work is based on the fact that tropical
modifications behave very well on div-faithful tropical fans, cf. Section 5.3.

Proposition 4.6. The properties of being principal, being Q-principal, and being div-faithful
are all local.

Proof. The statement is tautological. □

Remark 4.7. We emphasize that being principal, resp. div-faithful, at 0 does not in general
imply that the fan is principal, resp. div-faithful, see Examples 12.6 and 12.5. ⋄

4.4. Characterization of saturation. In the definition of div-faithfulness, we look at mero-
morphic functions which are linear. There is a subtle difference with integral linear functions,
i.e., those functions induced by M , as we show in Examples 12.11 and 12.14.

Linear meromorphic functions on a rational fan Σ are exactly those that have a multiple in
M , and they are in correspondence with ((N ∩Σ)⊗Z)⋆ ⊇M . The last inclusion is an equality
exactly when Σ is saturated at 0. In the case Σ is unimodular, the space Z1(Σ) =

⊕
ρ∈Σ1

Zxρ
coincides with the space of meromorphic functions on Σ. Hence, A1(Σ) ≃ M(Σ)

/
M . The

following proposition follows from this discussion.
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Proposition 4.8. Let Σ be a unimodular fan. The following statements are equivalent.
(1) Σ is saturated at 0.
(2) Meromorphic functions on Σ that are linear are all induced by elements of M .
(3) A1(Σ) has no torsion.

4.5. Characterization of principal, Q-principal, and div-faithful tropical fans. We
now provide a characterization of principal and Q-principal, resp. divisorially faithful, tropical
fans in the case the tropical fan is unimodular, resp. saturated and unimodular. This will be
given via the cycle class map

cl : A1(Σ) → MWd−1(Σ) ≃ Div(Σ).

Proposition 4.9 (Cycle class map for divisors). Let Σ be a unimodular fan. Consider an
element α ∈ A1(Σ) and take a representative α =

∑
ζ∈Σ1

aζxζ for coefficients aζ ∈ Z. Let f
be the meromorphic function on Σ which takes value aζ at eζ , for any ray ζ ∈ Σ. Then, we
have cl(α) = −div(f).

Proof. Notations as above, we need to show that for each τ ∈ Σd−1, we have the equality

deg(α · xτ ) = − ordτ (f).

Let m be an element of M = N⋆ whose restriction to τ coincides with f |τ . The element
xm :=

∑
ζ∈Σ1

m(eζ)xζ vanishes in A1(Σ). Replacing α by α− xm if necessary, we can assume
that aζ = 0 for any ray ζ in τ . The proposition now follows by observing that

deg(α · xτ ) =
∑
ζ∈Σ1
ζ∼τ

aζ deg(xζxτ ) =
∑
ζ∈Σ1
ζ∼τ

aζωΣ(ζ ∨ τ) = − ordτ (f −m) = − ordτ (f). □

We obtain the following important result.

Theorem 4.10 (Characterization of principal, Q-principal, and div-faithful tropical fans).
Let Σ be a unimodular tropical fan. Consider the cycle class map cl : A1(Σ) → Div(Σ). We
have

• Σ is principal at 0 if and only if cl is surjective.
• Σ is Q-principal at 0 if and only if clQ : A1(Σ,Q) → DivQ(Σ) is surjective.
• cl is injective if and only if Σ is both saturated at 0 and div-faithful at 0.

Proof. The first and second part follow directly from Proposition 4.9. For the third part, the
injectivity of cl implies A1(Σ) has no torsion, and the saturation follows from Proposition 4.8.
Saturation at 0 allows to identify A1(Σ) with M(Σ) quotiented by elements of M , and one
can conclude thanks to Proposition 4.9. □

Remark 4.11. Note that being (Q-)principal and being div-faithful are independent of the
form of the lattice outside the support of the fan. By this, we mean that a tropical fan Σ in
NR is (Q-)principal, resp. div-faithful, if and only if for any full rank lattice N ′ in NR which
verifies |Σ| ∩N = |Σ| ∩N ′, the fan Σ endowed with the integral structure induced by the new
lattice N ′ is (Q-)principal, resp. div-faithful.

If a predicate of tropical fans verifies this property, replacing the lattice N if necessary,
there is no harm in assuming that the fan is saturated at 0. Note however that, in general,
we cannot assume global saturation, i.e., saturation at all faces of Σ, see Example 12.14. ⋄

5. Tropical modification

We recall the definition of tropical modifications, and describe their star fans. A survey of
results and references related to the concept can be found in [BIMS15,Kal15].
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x

y e

Figure 2. A tropical modification along the function min(x, y, 0). The divisor
is in bold.

5.1. Definition of tropical modifications. Let f be a meromorphic function on a tropical
fan Σ. Consider the principal divisor D = div(f). Denote by ∆ the corresponding subfan of
Σ, i.e., the support of ord(f), endowed with the orientation ω∆ = ord(f). We allow the case
the divisor div(f) is trivial, in which case ∆ will be empty. Note that if f is holomorphic,
then ∆ will be effective.

We define the tropical modification of Σ with center ∆ induced by the meromorphic function
f . This will be a fan in ÑR ≃ Rn+1 = Rn×R, for the lattice Ñ := N ×Z, that we will denote
by TMf (Σ).

First assume that ∆ is non-empty. Consider the graph of f which is the map Γf defined as

Γf : |Σ| −→ ÑR = NR × R,
x 7−→ (x, f(x)).

For each cone σ of Σ, we consider the cone σo in ÑR which is the image of σ by Γf , i.e.,

σo := Γf (σ) ⊂ ÑR.

Moreover, to each face δ of ∆, we associate the face

δ := δo + R⩾0e

where e = (0, 1) ∈ NR × R.
(Here, 0 in e = (0, 1) refers to the origin in NR).

The tropical modification of Σ along ∆ with respect to f , or simply the tropical modification
of Σ along ∆ if the other terms are understood from the context, is the fan Σ̃ = TMf (Σ) in
ÑR ≃ Rn+1 defined as

Σ̃ = TMf (Σ) :=
{
σo | σ ∈ Σ

}
∪
{
δ | δ ∈ ∆

}
.

Note that we have |δ | = |δ|+1, for δ ∈ ∆, and |σo| = |σ|, for σ ∈ Σ. This shows that for any
non-negative integer k,

Σ̃k =
{
σo | σ ∈ Σk

}
∪
{
δ | δ ∈ ∆k−1

}
.

We endow Σ̃ with the map ω̃ : Σ̃d → Z defined as follows. For σ ∈ Σd, we set ω̃(σo) := ωΣ(σ).
For δ ∈ ∆d−1, we set ω̃(δ ) := ω∆(δ).

Proposition 5.1. Notations as above, ω̃ is an orientation of Σ̃, that is, the tropical modifi-
cation TMf (Σ) endowed with ω̃ is a tropical fan.

Moreover, we have a natural projection map

p : |TMf (Σ)| → |Σ|
which is conewise integral linear.
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Before going through the proof, we make some remarks and introduce some notations. First,
we observe that the fan TMf (Σ) is rational with respect to the lattice Ñ , and that for each
face σ ∈ Σ, the lattice Ñσo can be identified with the image Γfσ(Nσ) where, as before, fσ ∈ N⋆

σ

denotes the linear form which coincides with f on σ. This shows that for an inclusion of cones
τ ≺· σ, we can pick

nσo/τo = (nσ/τ , fσ(nσ/τ )) ∈ Ñ = N × Z,

Second, we observe that for each δ ∈ ∆, the lattice Ñδ can be identified with Ñδo×Z ≃ Nδ×Z,
and that we can choose nδ /δo = e . Finally, for an inclusion of cones τ ·≻ δ in ∆, we can set
nτ /δ = (nτ/δ, 0) ∈ Ñ .

Proof of Proposition 5.1. We need to prove the balancing condition around any codimension
one face of TMf (Σ). These are of two kinds: namely, faces of the form τo for τ ∈ Σd−1 and
those of the form δ for δ ∈ ∆d−2.

First, let τ ∈ Σd−1, and consider the codimension one face τo of TMf (Σ). Two cases
happen:
• Either, τ ∈ ∆, in which case, the d-dimensional faces around τo are of the form σo for σ ·≻ τ

in Σ as well as the face τ . The balancing condition in this case amounts to showing that
the vector

ω∆(τ)nτ /τ +
∑
σ·≻τ
σ∈Σ

ωΣ(σ)nσo/τo = ω∆(τ)e +
∑
σ·≻τ
σ∈Σ

ωΣ(σ)(nσ/τ , fσ(nσ/τ ))

= (0, ω∆(τ)) +
(∑

σ·≻τ
σ∈Σ

ωΣ(σ)nσ/τ ,
∑
σ·≻τ
σ∈Σ

ωΣ(σ)fσ(nσ/τ )
)

belongs to Ñτo . Since ω∆(τ) = ordτ (f), the term on the right hand side of the above equality
becomes equal to (∑

σ·≻τ
σ∈Σ

ωΣ(σ)nσ/τ , fτ
(∑
σ·≻τ
σ∈Σ

ωΣ(σ)nσ/τ
))
,

which by balancing condition at τ in Σ belongs to Ñτo = Γfτ (Nτ ).
• Or, we have τ /∈ ∆, i.e., ordτ (f) = 0. In this case, the facets around τo are of the form σo

for σ ·≻ τ in Σ, and we get∑
σ·≻τ
σ∈Σ

ωΣ(σ)nσo/τo =
∑
σ·≻τ
σ∈Σ

ωΣ(σ)(nσ/τ , fσ(nσ/τ )) =
(∑
σ·≻τ
σ∈Σ

ωΣ(σ)nσ/τ ,
∑
σ·≻τ
σ∈Σ

ωΣ(σ)fσ(nσ/τ )
)

=
(∑
σ·≻τ
σ∈Σ

ωΣ(σ)nσ/τ , fτ
(∑
σ·≻τ
σ∈Σ

ωΣ(σ)nσ/τ
))
,

which again belongs to Ñτo = Γfτ (Nτ ) by the balancing condition.
It remains to check the balancing condition around a codimension one face of the form δ

in TMf (Σ) with δ ∈ ∆d−2. Facets around δ are all the cones τ for τ ∈ ∆d−1 and τ ·≻ δ.
Using the balancing condition in ∆ = div(f) around δ, Proposition 4.2, we see that the sum∑

τ ·≻δ
τ∈∆

ω∆(τ)nτ /δ =
(∑
τ ·≻δ
τ∈∆

ω∆(τ)nτ/δ, 0
)

belongs to Nδ × Z = Ñδ , and the assertion follows.
The second statement is straightforward. □
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We now consider the case where the divisor is trivial, that is, ∆ = ∅. The tropical modifi-
cation of Σ with respect to f still has a meaning and is equal to the graph of f . We call this
case degenerate. The faces of the tropical modification will be in one-to-one correspondence
with faces of Σ, and the orientation is preserved. However, unless f is a integral linear form
on Σ, the tropical modification is not isomorphic to Σ. We refer to Examples 12.2 and 12.3
in Section 12 which explains this phenomenon. On the contrary, if f is integral linear, then
we just obtain the image of Σ by a linear map, and in this case, the fans Σ and TMf (Σ) are
isomorphic. In particular, if Σ is div-faithful and saturated at 0, then the vanishing of div(f)
implies that f is integral linear, and in this case, the tropical modification becomes isomorphic
to Σ. Unless otherwise stated, in this article we allow tropical modifications to be degenerate.

By the description above, we get the following result.

Proposition 5.2. Assume Σ is unimodular. The tropical modification Σ̃ remains unimodular.

5.2. The case of tropical fans which are principal, div-faithful and saturated at 0.
Assume Σ is a tropical fan which is principal, div-faithful and saturated at the cone 0 ∈ Σ. In
this case, any divisor D is the divisor of a meromorphic function f on Σ, and in addition, if g
is another meromorphic function on Σ such that div(g) = D, then g−f is integral linear, that
is, it is the restriction to |Σ| of an element ℓ ∈ M . Therefore, the two tropical modifications
TMf (Σ) and TMg(Σ) are isomorphic via the affine map which sends the point x ∈ Rn+1 to
the point x + ℓ(p(x))e . This means that, working modulo isomorphisms, we can talk about
the tropical modification of (Σ, ω) along a divisor D. Replacing D with the tropical fan ∆ on
its support, we denote this by TM∆(Σ).

5.3. Star fans of a tropical modification. For future use, we record here a description of
the star fans of a tropical modification. Let Σ be a tropical fan and let σ ∈ Σ. Let f be a
meromorphic function on Σ. Then, f induces a meromorphic function fσ on the star fan Σσ

defined as follows. Let m ∈ M be a linear map that coincide with f on σ. Then f −m is
zero on σ. This means that we can restrict f −m on Σσ. We denote the restriction by fσ.
The function fσ is meromorphic on Σσ. Note that although fσ depends on the choice of m,
it is well-defined up to an element of Mσ = (Nσ)⋆. This is enough for our purpose, that is
why, abusing the terminology, we sometimes call fσ the meromorphic function induced by f
on Σσ. The Minkowski weight div(f)σ induced by div(f) on Σσ coincides with div(fσ). This
implies that if f is holomorphic on Σ, then fσ is holomorphic on Σσ.

Proposition 5.3. Let Σ be a tropical fan and let f be meromorphic on Σ. Let ∆ be the
tropical fan defined by div(f). Set Σ̃ = TMf (Σ). Then, we have the following description of
the star fans of Σ̃.

• If δ ∈ ∆, then Σ̃δ ≃ ∆δ.

• If σ ∈ ∆, then Σ̃σo ≃ TMfσ(Σσ) where fσ is the meromorphic function induced by f
on Σσ.

• If σ ∈ Σ ∖ ∆, then once again we have Σ̃σo ≃ TMfσ(Σσ). However, this time the
tropical modification is degenerate. In particular, if Σ is div-faithful and saturated (at
σ), then Σ̃σo is isomorphic to Σσ.

Proof. The proof is a direct verification. □

6. Behavior of Chow rings under tropical modifications

We describe the behavior of Chow rings with respect to tropical modifications.
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6.1. Surjection. Let Σ be a simplicial tropical fan of dimension d and let ∆ be the tropical
fan associated to a meromorphic function on Σ. Let Σ̃ = TMf (Σ, ω) be the tropical fan
obtained by the tropical modification of Σ along ∆ with respect to f . Denote by ω̃ the
induced orientation of Σ̃.

Proposition 6.1. Notations as above, we have a natural surjective morphism of rings

Ψ: A•(Σ) ↠ A•(Σ̃).

By Duality Theorem 3.3, this induces an injective morphism

MW•(Σ̃) ↪→ MW•(Σ).

The map MWk(Σ̃) → MWk(Σ) is obtained as follows: to each face of Σk, we associate the
weight of the corresponding face in Σ̃k. The map Ψ is introduced below.

We need some preparation before giving the proof. Following the notations of Section 5,
for any ray ζ ∈ Σ1, we denotes by ζo the corresponding ray in Σ̃1. We assume for now that ∆
is nontrivial and denote by ρ = R⩾0e the special ray of Σ̃, which is the unique ray of Σ̃ that
does not come from Σ.

We define first the map Ψ on the level of polynomial rings by

Ψ: Z[xζ | ζ ∈ Σ1] → Z[xζ | ζ ∈ Σ̃1]

xζ 7→ xζo .

Let IΣ, JΣ, IΣ̃ and JΣ̃ be the ideals appearing in the definition of the Chow rings of Σ and Σ̃.

Lemma 6.2. We have Ψ(IΣ) ⊆ IΣ̃ and Ψ(JΣ) ⊆ JΣ̃.

Proof. Clearly, Ψ(IΣ) ⊆ IΣ̃. If m ∈ M = MΣ is a linear form on the ambient space of Σ, and
if p denotes the projection associated to the tropical modification, since m̃ := p∗(m) ∈ M̃ is
zero on the special ray ρ, we get that

Ψ
(∑
ζ∈Σ1

m(eζ)xζ
)
=

∑
ζ∈Σ1

m̃(eζo)xζo =
∑
ζ∈Σ̃1

m̃(eζ)xζ .

This implies the inclusion Ψ(JΣ) ⊆ JΣ̃, and the lemma follows. □

Let e∗ρ be the element of M̃ which takes value one on eρ, and which vanishes on N . Note
that for any ray ζo, we have eζo = (eζ , 0) + f(eζ)eρ. It follows that e∗ρ(eζo) = f(eζ).

In the Chow ring A•(Σ̃), we have the following equation∑
ζ∈Σ̃1

e∗ρ(eζ)xζ = 0.

This implies the following result.

Lemma 6.3. In the Chow ring A•(Σ̃), we have

xρ = −
∑
ζ∈Σ1

f(eζ)xζo .

Proof of Proposition 6.1. Applying Lemma 6.2, we get a well-defined morphism of ring Ψ from
A•(Σ) to A•(Σ̃). It remains to prove the surjectivity. By the definition of Ψ, we just need
to find a preimage for xρ ∈ A•(Σ̃). This follows from Lemma 6.3. In the case ∆ = div(f) is
trivial, the proof is similar.

The statement for Minkowski weights then follows by duality using Theorem 3.3. □
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6.2. Div-faithfulness and stability of Chow rings under tropical modifications. We
follow the preceding notations and denote by Σ̃ the tropical modification of Σ along the divisor
∆ given by the meromorphic function f . We denote by ω̃ the orientation of Σ̃. The following
theorem essentially implies the invariance of the Chow ring under tropical modifications under
the assumption that the underlying tropical fan Σ is div-faithful.

Theorem 6.4 (Stability of the Chow ring under tropical modifications). Notations as above,
let Σ̃ be the tropical modification of the tropical fan Σ along ∆. Assume furthermore that Σ
is div-faithful. Then, we get an isomorphism

A•(Σ̃,Q) ≃ A•(Σ,Q)

between the Chow rings with rational coefficients, and an isomorphism

MW•(Σ) ≃ MW•(Σ̃).

between the Minkowski weights with integral coefficients. Moreover, if either Σ is saturated,
or A•(Σ) has no torsion, then we get an isomorphism between the Chow rings with integral
coefficients

A•(Σ̃) ≃ A•(Σ).

The isomorphisms are all compatible with the degree maps.

The map MW•(Σ,Z) → MW•(Σ̃,Z) is given as follows. Let α : Σk → Z be an element of
MWk(Σ,Z) and denote by Θ the subfan of Σ defined by the support of α. The pair (Θ, α)
is a tropical fan of dimension k and the restriction of f to Θ defines a meromorphic function
h = f |Θ in M(Θ). By div-faithful property of Σ, the tropical modification Θ̃ of Θ along the
divisor div(h) is a Minkowski weight α̃ in MWk(Σ̃,Z). The map MWk(Σ,Z) → MWk(Σ̃,Z)
sends α to α̃. The composition of this map and the one given in Proposition 6.1 is identity.
Note that without the div-faithful assumption, the tropical modification Θ̃ is not necessary a
subfan of Σ̃, see Example 12.2.

Our Example 12.12 shows that, dealing with Chow rings with integral coefficients, the
assumption made in the theorem on saturation or torsion freeness is needed.

We prove the statement in the theorem that concerns Chow rings with integral coefficients.
The proof of the statements for Chow rings with rational coefficient can be obtained using a
similar argument. The isomorphism for Minkowski weights with rational coefficients is then
obtained by duality, Theorem 3.3. The fact that the isomorphism restricts to Minkowski
weights with integral coefficients stems from the fact that maps in both directions preserve
integral weights.

If ∆ is empty, since Σ is div-faithful and saturated at 0 (either by assumption or by Propo-
sition 4.8), f is globally integral linear and we have the isomorphism Σ̃ ≃ Σ from which the
result follows. Hence, in what follows, we assume ∆ ̸= ∅. In this case, we denote by ρ = R⩾0e

the special ray of Σ̃. We already know there exists a surjective map Ψ: A•(Σ) ↠ A•(Σ̃) given
in Proposition 6.1. We now construct a surjective map Φ: A•(Σ̃) ↠ A•(Σ) and show that
Φ ◦Ψ = id, from which we get the result.

We first define a surjective map Φ on the level of polynomial rings using Lemma 6.3. This
is the map

Φ: Z[xζ | ζ ∈ Σ̃1] → Z[xζ | ζ ∈ Σ1]

defined on the level of generators as follows. Take the linear form e∗ρ on Ñ that takes value
one on the primitive vector eρ = e of the special ray ρ and which vanishes on N . Each ray ζ
of Σ̃ is either of the form ζo for ζ ∈ Σ1 or is equal to ρ. We set

Φ(xζo) := xζ , and Φ(xρ) := −
∑
ζ∈Σ1

f(eζ)xζ .
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As before, IΣ, JΣ, IΣ̃ and JΣ̃ are the ideals appearing in the definition of the Chow rings of
Σ and Σ̃.

Lemma 6.5. Notations as above, we have
(1) Φ(JΣ̃) ⊆ JΣ, and
(2) if Σ is div-faithful, then we have Φ(IΣ̃) ⊆ IΣ + JΣ.

Proof. To show that Φ(JΣ̃) ⊆ JΣ, consider an integral linear form l on Ñ . Let m̃ := l− l(eρ)e∗ρ.
We have m̃(eρ) = 0 and so m̃ gives an integral linear form on N ≃ Ñ

/
Zeρ. We denote this

by m. We have, using eζo = (eζ , 0) + f(eζo)eρ,

Φ
(∑
ζ∈Σ̃1

l(eζ)xζ
)
= l(eρ)Φ(xρ) +

∑
ζ∈Σ1

l(eζo)Φ(xζo) = −
∑
ζ∈Σ1

l(eρ)f(eζ)xζ +
∑
ζ∈Σ1

l(eζo)xζ

= −
∑
ζ∈Σ1

l(eρ)f(eζ)xζ +
∑
ζ∈Σ1

(
m̃(eζo) + l(eρ)f(eζ)

)
xζ =

∑
ζ∈Σ1

m(eζ)xζ .

This shows that Φ(JΣ̃) ⊆ JΣ.
We now consider the image of IΣ̃. Consider a collection of distinct rays ζ̃1, . . . , ζ̃k of Σ̃,

k ∈ N, and suppose they are not comparable so that we have xζ̃1 . . . xζ̃k ∈ IΣ̃. Two cases can
happen.

(1) Either, ζ̃1, . . . , ζ̃k are different from ρ.
(2) Or, one of the rays, say ζ̃1, is equal to ρ.

Consider the case (1). We have ζ̃j = ζjo for j = 1, . . . , k and rays ζj in Σ. Moreover, the
rays ζ1, . . . , ζk do not form a cone in Σ and we get Φ(xζ̃1 . . . xζ̃k) = xζ1 . . . xζk ∈ IΣ, as desired.

Consider now the case (2). Let as in the previous case, ζ̃j = ζjo for j = 2, . . . , k and rays
ζj in Σ. At this point, two cases can happen:

Either, these rays do not form a cone in Σ in which case we get

Φ(xζ̃1xζ̃2 . . . xζ̃k) = Φ(xρ)xζ2 . . . xζk ∈ IΣ.

Or, ζ2, . . . , ζk form a cone τ in Σ. Note that τ ̸∈ ∆, as otherwise, τo and ρ would be
comparable which would contradict our assumption. This implies that the divisor div(f)τ

induced by div(f) on Στ is trivial. In particular, the induced holomorphic function f τ on Στ

is obtained by the restriction of f −m on Στ , for an element m ∈M which verifies f |τ = m|τ .
It verifies moreover div(f τ ) = 0.

Assume first that Σ is saturated, we deal with the case A•(Σ) has no torsion later. Since
Σ is div-faithful and saturated at τ , this implies that f τ coincides with an element mτ ∈
M τ . Altogether, this means f coincides with the restriction of the linear function l := m +
π∗0⪯τ (m

τ ) ∈M on all faces σ of Σ with σ ⪰ τ , where π0⪯τ : NR → N τ
R denotes the projection.

Set pf = f − l, and note that pf is zero on every ray comparable with τ .
We now observe that

Φ(xρ) = −
∑
ζ∈Σ1

f(eζ)xζ = −
∑
ζ∈Σ1

pf(eζ)xζ −
∑
ζ∈Σ1

l(eζ)xζ .

Using the notation xτ = xζ2 · · · xζk , we get

Φ(xζ̃1xζ̃2 . . . xζ̃k) = Φ(xρ)xτ = −
∑
ζ∈Σ1

pf(eζ)xζxτ −
(∑
ζ∈Σ1

l(eζ)xζ
)
xτ .

Since pf(eζ) is trivial if ζ is comparable with τ , the first sum is in IΣ. Since l ∈M , the second
term is in JΣ. This finishes the proof in the case Σ is saturated.

If Σ is not saturated but has a Chow ring without torsion, then we work as above but tensor-
ing everything with Q because mτ might not be integral. This way we get that Φ(xζ̃1 · · · xζ̃k)
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belongs to Ak(Σ)∩(IΣ⊗Q+JΣ⊗Q). Hence, some multiple of this element belongs to IΣ+JΣ.
Since the Chow ring is torsion-free, the element itself must be zero in Ak(Σ).

In any case, we conclude that ϕ(xρ1xρ2 · · · xρk) ∈ IΣ+JΣ, as desired. This finishes the proof
of the lemma. □

Proof of Theorem 6.4. Applying the above lemma, we obtain Φ(JΣ̃) ⊆ JΣ and Φ(IΣ̃) ⊆ IΣ+JΣ.
This induces a map

Φ: A•(Σ̃) → A•(Σ).

This map is surjective, and verifies Φ ◦Ψ = id. The theorem follows. □

7. T-stability

In the previous sections, we defined three types of operations on tropical fans: products,
tropical modifications and stellar subdivisions/assemblies. In this section, we study a notion of
T-stability for subclasses of a class C of tropical fans, using these operations. The idea behind
the definition is that if a property P holds for some basic tropical fans and if, in addition, this
property happens to be preserved by the above three operations, a wide collection of tropical
fans verify P . This happens in practice for various geometric properties that will be discussed
later in the paper.

This leads to the definition of quasilinear fans: roughly speaking, a tropical fan is quasilinear
if it can be obtained from the most basic tropical fans, the point, with arbitrary orientation,
and the line by using only the above three operations.

As in the previous sections, Σ will be a tropical fan of pure dimension d in NR ≃ Rn for
some natural number n, and its orientation will be denoted by ωΣ.

7.1. T-stability. By our convention from Section 2, we work with fans modulo isomorphisms.
This allows to talk about the set of isomorphism classes of rational fans.

Definition 7.1. Let C be a class of tropical fans (or more precisely, a set of isomorphism
classes of tropical fans). A subclass S ⊆ C is called T-stable in C , or simply T-stable if C is
the class of all tropical fans, if it verifies the following properties:

• (Stability under products) If Σ,Σ′ ∈ S and the product Σ × Σ′ belongs to C , then
Σ× Σ′ ∈ S .

• (Stability under tropical modifications along a divisor in the subclass) If Σ ∈ S and
if f is a meromorphic function on Σ such that either div(f) is trivial or div(f) ∈ S ,
and if in addition TMf (Σ) ∈ C , then TMf (Σ) ∈ S .

• (Stability under blow-ups and blow-downs with center in the subclass) If Σ ∈ C , for
any cone σ ∈ Σ and any ray ρ in the relative interior of σ which verify Σσ ∈ S and
Σ(ρ) ∈ C , we have

Σ ∈ S ⇐⇒ Σ(ρ) ∈ S . ⋄

The class C itself is clearly T-stable in C . Moreover, an intersection of T-stable subclasses of
C remains T-stable in C . This implies that the subclass ⟨B⟩C ⊆ C in the following definition
exists.

Before going further, we would like to make a comment on terminology. One way of looking
at the T-stability is to think of T as the set of tropical fans endowed with a set of operations,
namely products, tropical modifications, blow-ups and blow-downs. A precise meaning of this
idea is given in Appendix A, where we introduce multi-magmoids and provide an equivalent
reformulation of T-stability.

Definition 7.2 (T-stable subclass generated by a base set). Let C be a class of tropical fans.
Let B be a subset of C that we call the base set. The T-stable subclass of C generated by B,
denoted by ⟨B⟩C is defined as the smallest T-stable subclass of C which contains B. If C is
the class of all tropical fans, we just write ⟨B⟩. ⋄
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The main examples of classes C of tropical fans which are of interest to us are all, resp.
simplicial, resp. unimodular, resp. unimodular quasi-projective tropical fans. We call them the
standard classes of tropical fans. These classes only constrain blow-ups and blow-downs since
they are all closed by products and by tropical modifications (see Theorem 7.9).

An important example of the base set is the set B consisting of two simple fans: the fan 0
with an arbitrary orientation, and the unique complete fan Λ in R, with lattice N = Z, with
three cones 0,R⩾0, and R⩽0 and with the orientation constant equal to one. The four basic
sets that we will consider are B,B+,B1 and B±1, which are the set of all, resp. effective, resp.
reduced, resp. unitary, elements of B. We see later in Section 8 that ⟨B1⟩, and so ⟨B⟩, contains
many interesting fans.

Definition 7.3 (Quasilinear tropical fans). Let C be a class of tropical fans and B a subset
of C . A tropical fan Σ is called tropically generated by B in C if Σ belongs to ⟨B⟩C .

If C is the class of all tropical fans and B = B, we simply say that Σ is quasilinear. ⋄

The following result is a consequence of Theorem 7.10 proved later in this section.

Proposition 7.4. Let Σ be a quasilinear tropical fan in NR. Then any tropical fan Σ′ in NR
with the same support is quasilinear.

Definition 7.5 (Stable properties). Let C be a class of tropical fans and let P be a predicate
on elements of C . Then, P is called T-stable in C if the subclass of C consisting of those
tropical fans that verify P is T-stable in C . If C is the class of all tropical fans, we simply say
P is T-stable. ⋄

7.2. Star-stability. A class S of tropical fans is called star-stable if for any Σ ∈ S and any
σ ∈ Σ, the star fan Σσ also belongs to S . For instance, the four standard classes as well as
the four basic sets are star-stable (cf. Theorem 7.9). A predicate P on fans is called star-stable
or local if P (Σ) implies P (Σσ) for any σ ∈ Σ.

There is a natural way to construct a star-stable predicate from an arbitrary one. If P is
any predicate on tropical fans, then we denote by P ⋆ the predicate

P ⋆(Σ): ∀ σ ∈ Σ, P (Σσ).

For instance, local and Q-local irreducibility, being div-faithful, and being principal and Q-
principal are all defined in this way relative to the corresponding property holding at 0. As
we will show later in Lemma 7.13, viewing them as such will allow to considerably simplify
the proofs of their T-stability.

7.3. Strong T-stability and intersection property.

Definition 7.6 (Strong T-stability). Let C be a class of tropical fans, and let S ⊆ C be a
subclass. We say that S is strongly T-stable in C if S is T-stable in C and in addition, we
have

• for any pair of fans Σ, Σ′ in C , Σ× Σ′ ∈ S implies Σ and Σ′ are in S ,
• for any Σ ∈ C and any meromorphic function f on Σ such that either div(f) is trivial

or div(f) ∈ C , if TMf (Σ) ∈ S , then both Σ and div(f) are in S ,
• if Σ ∈ C , for any cone σ ∈ Σ and any ray ρ in the relative interior of σ which verify
Σσ ∈ C and Σ(ρ) ∈ C , we have

Σ ∈ S ⇐⇒ Σ(ρ) ∈ S =⇒ Σσ ∈ S . ⋄

Examples are given by the following proposition.

Proposition 7.7. Let C be any of the standard classes. The subclass of reduced, resp. effective,
resp. unitary tropical fans of C is strongly T-stable in C .



34 OMID AMINI AND MATTHIEU PIQUEREZ

The proof is direct and omitted.
We have the following intersection property, see Proposition A.1 in Section A for the proof.

Proposition 7.8. Let C be a class of tropical fans. If S ⊆ C is strongly T-stable in C , then
for any base set B, we have

⟨B⟩C ∩ S = ⟨B ∩ S ⟩C .

Being effective, resp. reduced, resp. unitary, is T-stable. Hence, a direct consequence of
Proposition 7.8 is that ⟨B+⟩C , resp. ⟨B1⟩C , resp. ⟨B±1⟩C , is exactly the set of effective, resp.
reduced, resp. unitary, quasilinear tropical fans.

7.4. Properties of standard classes. The following theorem summarizes several nice prop-
erties enjoyed by the four standard classes of tropical fans that we introduced in Section 7.1.

Theorem 7.9. Let C be one of the four standard classes of tropical fans. Then C verifies the
following properties.

• (Closedness under products) If Σ and Σ′ belong to C , then we have Σ× Σ′ ∈ C .
• (Closedness under tropical modifications) If Σ ∈ C and if f is a meromorphic function

on Σ, then TMf (Σ) ∈ C .
• (Containment of the basic fans) Fans of B are in C .
• (Star-stability) The class C is star-stable.
• (Existence of unimodular quasi-projective subdivisions) Any fan in C has a subdivision

in C which is unimodular and quasi-projective.
• (Weak factorization) Let Σ and Σ′ be two fans in C with the same support and com-

patible orientations. Then, there exists a sequence of fans Σ = Σ0,Σ1,Σ2, . . . ,Σk = Σ′

in C such that for any i ⩽ k − 1, Σi+1 is obtained from Σi by performing a blow-up
or a blow-down.

Proof. We only sketch the proof here.
• (Closedness under products) For the case of all tropical fans this is stated by Proposition
2.1. Moreover, simpliciality and unimodularity are preserved by taking products. To see that
the product of two quasi-projective fans Σ and Σ′ is quasi-projective, consider the projection
maps π : Σ×Σ′ → Σ and π′ : Σ×Σ′ → Σ′. For two strictly convex conewise linear functions f
and f ′ on Σ and Σ′, respectively, the sum π∗(f) + π′∗(f ′) is a strictly convex conewise linear
function on Σ× Σ′.
• (Closedness under tropical modifications) For the case of all tropical fans, this is Proposi-
tion 5.1. The new cones of the form δ with δ in the divisor are simplicial, resp. unimodular,
provided δ is simplicial, resp. unimodular. Hence, being simplicial and being unimodular are
preserved by tropical modifications. For quasi-projectivity, let g be a strictly convex conewise
linear function on a fan Σ, and let p : Σ̃ → Σ be the projection associated to the tropical
modification Σ̃ = TMf (Σ). We show the conewise linear function p∗(g) is strictly convex on
Σ̃. Let δ ∈ ∆, we prove that p∗(g) is strictly convex around δo. Similar arguments show strict
convexity around other faces of Σ̃. Since g is strictly convex around δ, there exists an element
m ∈MR such that g −m is zero on δ and is strictly positive on all the incident rays ρ ∼ δ in
Σ. Let l be a linear form in M̃R which takes values one on e and vanishes on δo. For a small
enough positive real number ε, p∗(g)− p∗(m) + εl is zero on δo, takes value ε > 0 on e , and
is strictly positive on rays ρo for ρ ∼ δ. This proves that p∗(g) is strictly convex around δo.
• (Containment of the basic fans) This is trivial.
• (Star-stability) For the case of all tropical fans, star-stability follows from Proposition 2.1.
Being simplicial and being unimodular are both local properties. For quasi-projectivity, a
strictly convex conewise linear function on a fan induces strictly convex conewise linear func-
tions on the star fans around its faces.
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• (Existence of unimodular quasi-projective subdivisions) This is a well-known fact. We refer
to Section 4 of [AP20a] for more details.
• (Weak factorization) This last property is far from being trivial. For the class of sim-
plical tropical fans and the class of unimodular tropical fans, this follows from Theorem A
of [Wło97], proved independently by Morelli [Mor96] and expanded by Abramovich-Matsuki-
Rashid, see [AMR99]. For unimodular quasi-projective tropical fans, this can be obtained
from relevant parts of [Wło97,Mor96,AKMW02] as discussed and generalized by Abramovich
and Temkin in [AT19, Section 3]. Note that we are requiring the orientations to be consistent,
so the statement here is only about the fan structure. □

7.5. Stability, support and factorization. The following shows that in some cases of in-
terest, T-stability is only a property of the support with a fixed ambient lattice.

Theorem 7.10. Let C be a standard class. Let S be subclass of C which is both star-stable
and T-stable in C . Then, a tropical fan Σ of C is in S if and only if any tropical fan of C

with the same support |Σ| considered with the same lattice is in S .

Remark 7.11. We note a subtle point here worth emphasizing. In the statement of the
theorem, we remember the ambient lattice. This is weaker than being a property of the
support. For instance, if Σ is not saturated in NR and if Σ′ is the same fan considered with
a different lattice N ′ = (Σ ∩N) ⊗ Z, then the above theorem does not imply that Σ ∈ S if
and only if Σ′ ∈ S , even though Σ ∩N = Σ′ ∩N ′. We refer to Example 12.11 related to the
stability statement (7) in the study of the Chow ring, proved in Section 10.

For those properties that depend only on Σ ∩N in the sense of Remark 4.11, this remark
is irrelevant. ⋄

Proof. Let Σ ∈ S and let Σ′ be another fan of C with the same support and the same
lattice. By the weak factorization property of Theorem 7.9, there exists a sequence of fans
Σ = Σ0,Σ1, . . . ,Σk−1,Σk = Σ′ all belonging to C such that Σi+1 is obtained from Σi by
performing a blow-up or a blow-down.

We prove that Σ1 ∈ S . If Σ1 is obtained from Σ by blowing up a face η ∈ Σ, then we have
Ση ∈ S by star-stability. Since S is T-stable in C , the blow-up along η of Σ will be in S ,
and we get Σ1 ∈ S . Now, if Σ is obtained from Σ1 by blowing up along a ray ρ which is in
the relative interior of a face η′ ∈ Σ1, then, we note that (Σ1)η

′
= Στ∨ρ where τ is any face

of codimension one in η′. Once again, (Σ1)η
′ belongs to S . Since S is T-stable in C , it is

closed under blow-down along ρ, and we get Σ1 ∈ S .
Proceeding this way step by step, we obtain that Σ′ = Σk ∈ S . □

Remark 7.12. In the proof we only used that S is star-stable and closed under blow-ups
and blow-downs along faces whose star fans belong to S . ⋄

7.6. Examples of stable geometric properties. Here is a list of geometric properties
which are T-stable in relevant classes of tropical fans. The first two points are easy to verify.
We will prove the other ones later in this article.

(1) Connectedness through codimension one is T-stable.
(2) Being effective, resp. reduced, resp. unitary, is T-stable.
(3) Q-normality is T-stable.
(4) Irreducibility and Q-local irreducibility are T-stable.
(5) Div-faithfulness is T-stable.
(6) Being Q-principal is T-stable in the class of Q-locally irreducible fans.
(7) Poincaré duality with Q-coefficients, resp. Z-coefficients, for the Chow ring in the sense

of Theorem 10.2 is T-stable in the class of div-faithful unimodular fans.
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(8) Being Chow-Kähler in the sense of Theorem 11.6 is T-stable in the class of effective
quasi-projective unimodular fans.

Since the statements listed above are verified by elements of B1, we infer that they are true
in ⟨B1⟩. That is, reduced quasilinear tropical fans verify all these properties. More generally,
the different statements hold for quasilinear tropical fans in the adequate class.

7.7. A tool to prove stability. Checking all the axioms of T-stability for a class C can
be somewhat tedious in general. The following lemma is helpful in practice to simplify the
verification of these different points.

Lemma 7.13 (Stability meta lemma). Let C be a star-stable and T-stable subclass of one of
the four standard classes such that B1 ⊆ C . Let P be a predicate on elements of C . Assume
that the elements of B1 verify P .

Let Σ be an arbitrary tropical fan in C such that for any face σ ̸= 0 in Σ, the star fan Σσ

verifies P ⋆, and such that at least one of the following points is verified.
(ML1) Σ is the product of two unimodular quasi-projective tropical fans in C verifying P ⋆.
(ML2) Σ is the tropical modification of a unimodular quasi-projective tropical fan Σ′ ∈ C

verifying P ⋆ with respect to some meromorphic function f on Σ′ such that either
div(f) is trivial, or the tropical fan ∆ associated to div(f) is an element of C which
is unimodular, quasi-projective, and verifies P ⋆.

(ML3) Σ is the blow-up along some ray of a tropical fan in C verifying P ⋆.
(ML4) Σ is the blow-down along some ray of a tropical fan in C verifying P ⋆.
If for any tropical fan Σ as above, the property P is verified, then P ⋆ is T-stable in C .

Moreover, if P is a predicate only depending on the support of the tropical fan in the sense
of Theorem 7.10, we can restrict ourselves to tropical fans Σ verifying one of the two first
points.

Using this lemma, we can reduce the proof of T-stability statements to verifying that in each
of the four cases enumerated above, the fan Σ verifies P . For instance, we have to prove that
if Σ is a product of two fans verifying P ⋆, then Σ verifies P . To do so, we can assume without
loss of generality that the two factors (and thus Σ itself) are unimodular and quasi-projective,
and that every proper star fan of Σ verifies P .

Examples of consequences of the above lemma are the following.

Proposition 7.14. Notation as in Lemma 7.13, if a property P is T-stable in C , then the
property P ⋆ is T-stable in C .

Proof. The property P ⋆ implies P . The four conditions of the lemma are verified since P is
T-stable in C . Therefore, P ⋆ is T-stable in C . □

Corollary 7.15. Notation as in Lemma 7.13, let B ⊆ C be a star-stable subclass of C
containing B1. Then ⟨B⟩C is star-stable. In particular it verifies Theorem 7.10. Moreover,
⟨B⟩C = ⟨B⟩ ∩ C .

Proof. For Σ ∈ C , let P (Σ) be the predicate “Σ belongs to ⟨B⟩C ”. Elements of B verifies
P ⋆. By the previous proposition, we infer that every element of ⟨B⟩C verifies P ⋆, i.e., ⟨B⟩C

is star-stable. In particular, Theorem 7.10 applies.
For the last statement, consider the class S of all tropical fans having the same support as

an element of ⟨B⟩C in the sense of Theorem 7.10. From the star-stability of ⟨B⟩C we deduce
the star-stability of S . We can apply Lemma 7.13 to the predicate “Σ belongs to S ” inside
the class of all tropical fans. The two first points follows directly from the T-stability of ⟨B⟩C ,
with the help of Theorem 7.10, and the two last points are direct by the definition of S .
Hence, S is T-stable.
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Notice that B ⊆ S . Moreover, by the first part of the corollary applied to the whole class
of tropical fans, ⟨B⟩ verifies Theorem 7.10. Since ⟨B⟩C ⊆ ⟨B⟩, we deduce that S ⊆ ⟨B⟩.
By T-stability, we get that S = ⟨B⟩. Now we know that any element of ⟨B⟩ ∩ C has the
same support than an element of ⟨B⟩C . Applying once more Theorem 7.10, we get that
⟨B⟩ ∩ C ⊆ ⟨B⟩C . The other inclusion is clear and the result follows. □

Remark 7.16. From Proposition 7.8 and Corollary 7.15 we deduce for instance the following
useful result. Let B be BZ, resp. B+, resp. B±1, resp. B1, and let C be as in Lemma 7.13.
Assume B ⊆ C . Then ⟨B⟩C is the class of all, resp. effective, resp. unitary, resp. reduced,
quasilinear tropical fans that are in C . ⋄

The rest of this section is devoted to the proof of Lemma 7.13. First, notice that the last
statement in Lemma 7.13 is clear since blow-ups and blow-downs do not change the support
of the fan.

Let C0 be the standard class in which C is T-stable. Considering the predicate P in C0 if
necessary, we can assume without loss of generality that C = C0 is a standard class.

Let S ⊆ C be the class of fans verifying P ⋆. Since P ⋆ is star-stable, so is S . For any
integer n, we use the notation C<n, resp. C⩽n, to denote the subset of C of fans of dimension
less than n, resp. at most n. We define S <n and S ⩽n similarly.

We will prove that under the assumption of the lemma, S is T-stable in C . We prove this
by induction on n. Assume that, for some integer n, S <n is T-stable in C<n. For n = 1, this
is a consequence of (ML1) in the lemma. We prove that S ⩽n is T-stable in C⩽n.

7.7.1. Closedness under blow-ups and blow-downs. We verify that S ⩽n is closed under blow-
ups and blow-downs. Let Σ be a tropical fan in C⩽n. Let η ∈ Σ be a face and let ρ be a ray
in the relative interior of η. Assume that Σ(ρ) ∈ C⩽n. We need to show the equivalence

Σ ∈ S ⩽n ⇐⇒ Σ(ρ) ∈ S ⩽n.

We first prove if Σ(ρ) ∈ S ⩽n, then Σ ∈ S ⩽n. For this, we compare the star fans of Σ and
Σ(ρ) as follows. Consider a face σ of Σ different from 0. There are three cases.

• First, assume that σ is not comparable with η. In this case, the two star fans Σσ
(ρ) and

Σσ are identical. Since S is star-stable, the first one is in S by assumption. Hence
Σσ ∈ S .

• Second, we assume that σ ⪰ η. In this case, we have Σσ ≃ Στ∨ρ
(ρ) where τ is any face

of codimension one in σ such that τ ∧ η ≺· η. Once again Σσ ∈ S .
• Finally, assume that σ and η are comparable but σ ̸⪰ η. Denote by ησ, resp. ρσ, the

cone corresponding to η, resp. to ρ, in Σσ. Then ρσ is a ray in the relative interior ησ.
The star fan Σσ

(ρ) is then naturally isomorphic to the blow-up star fan
(
Σσ

)
(ρσ)

. By

assumption, Σσ
(ρ) ∈ S <n. Moreover

(
Σσ

)ησ
= Σσ∨η which is in S <n by the second

point above. Hence, applying the closedness by blow-down of S <n, we deduce that
Σσ is also in S <n ⊆ S .

In any case, Σσ ∈ S for any face σ ̸= 0. One can apply the assumption of the lemma to
deduce that Σ verifies P . Hence, Σ verifies P ⋆, thus Σ ∈ S ⩽n. This proves the direction ⇐.

To prove the direction ⇒, assume Σ ∈ S ⩽n. Take a cone ν in Σ(ρ) different from 0.
Apart from the faces which already appeared in the above case analysis for which the reversed
argument applies, it remains to consider those faces ν with ρ ⪯ ν. Denote by ν − ρ ∈ Σ the
face of ν of codimension one which does not contain ρ. Set σ = (ν − ρ) ∨ η. Then we get

|Σν
(ρ)| ≃ |Σσ| × Rk,

where k = |σ| − |ν| = |η| − |ν ∩ η| ∈ {0, . . . , n − 1}. Since S <n is star-stable and closed
under blow-ups and blow-downs, we can apply Remark 7.12 and Theorem 7.10: Σν

(ρ) is in
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S <n if and only if there exists a fan with the same support in S <n. This is the case. Indeed,
Σσ ∈ S <n. Moreover, Λ and {0} belong to S by assumption. Since S <n is T-stable in C<n,
we deduce that Σσ × Λk ∈ S <n. This last fan has the same support as Σν

(ρ). Hence, we infer
that Σν

(ρ) ∈ S <n ⊆ S .
We have proved that Σν

(ρ) ∈ S for any nontrivial face ν ∈ Σ(ρ). As before, we apply the
assumption of the lemma to deduce that Σ(ρ) ∈ S ⩽n. Hence, S ⩽n is closed under blow-ups
and blow-downs. In particular, we can apply Theorem 7.10 in S ⩽n for the rest of this proof.

7.7.2. Closedness under products. We whish to prove that S ⩽n is closed under products which
remain inside C⩽n. Let Σ̃ ∈ C⩽n be the product of two fans in S ⩽n. We prove that Σ̃ ∈ S ⩽n.

Denote this two factors by Σ̃1 and Σ̃2. Let Σ1, resp. Σ2, be a unimodular quasi-projective
subdivision in C of Σ1, resp. of Σ2, which exists by Theorem 7.9. Then, clearly Σ1 has the
same support as Σ̃1, and by Theorem 7.10, we get Σ1 ∈ S ⩽n. In the same way, we obtain
Σ2 ∈ S ⩽n. Set Σ = Σ1 × Σ2. Let σ1 × σ2 be a nontrivial face of Σ. Then

Σσ1×σ2 ≃ (Σ1)σ
1 × (Σ2)σ

2
.

By star-stability of S , both factors belong to S <n. Hence, the T-stability in S <n implies
that the product belongs to S <n.

Therefore, for any nontrivial face σ of Σ, we get Σσ ∈ S . Applying the assumption of
the lemma, we deduce that Σ verifies P and thus Σ ∈ S ⩽n. Since Σ and Σ̃ have the same
support, we can apply Theorem 7.10 to deduce that Σ̃ ∈ S ⩽n as well. Thus, S ⩽n ⊂ C⩽n is
closed by products.

7.7.3. Closedness under tropical modifications. Let Σ′ be a fan in S ⩽n. Let f be a meromor-
phic function on Σ′. Set Σ̃′ = TMf (Σ

′). Let ∆′ be the tropical fan associated to div(f) and
assume that ∆′ is in S ⩽n (by convention, we assume in this proof that ∅ ∈ S ⩽n). We wish
to prove that Σ̃′ is in S ⩽n.

Let Σ be a unimodular quasi-projective subdivision of Σ′. Then f is a meromorphic function
on Σ. Moreover, the tropical fan ∆ associated to div(f), taken in Σ, is a unimodular quasi-
projective subdivision of ∆′. As for the case of the product, Theorem 7.10 implies that both
Σ and ∆ are in S ⩽n. Set Σ̃ = TMf (Σ). A face σ̃ of dimension k > 0 in Σ̃ is of two kinds,
either it is equal to δ for δ ∈ ∆k−1 or it coincides with σo for σ ∈ Σk. By Proposition 5.3,
in the first case, the star fan Σ̃δ is isomorphic to ∆δ and so belongs to S . So we can now
assume that σ̃ = σo for a cone σ ∈ Σ. Then, Σ̃σo is the tropical modification of Σσ along ∆σ

with respect to the function fσ. By convention here we set ∆σ = ∅ if σ ̸∈ ∆. Note that Σσ

and ∆σ are in S <n. Since S <n is T-stable in C<n, TMfσ(Σσ) ∈ S <n. We infer again that
Σ̃σo ∈ S , as desired.

At this point we have verified that for any nontrivial cone σ̃ in Σ̃, the star fan Σ̃σ̃ is in
S . Using the assumption of the lemma, we deduce that Σ̃ verifies P and so Σ̃ ∈ S ⩽n. By
Theorem 7.10, we deduce that Σ̃′ ∈ S ⩽n. Therefore, S ⩽n ⊆ C⩽n is closed under tropical
modifications.

7.7.4. End of the proof. We have proved that S ⩽n is in T-stable in C⩽n. By induction, we
deduce that S is T-stable in C , i.e., P ⋆ is T-stable in C . □

8. Bergman fans

This section is devoted to recalling basic definitions and properties regarding matroids and
their Bergman fans. Bergman fans of matroids are quasi-projective since they can be realized
as subfans of the Bergman fan of a free matroid that is obtained by the barycentric subdivision
of the fan of a projective space, see Remark 8.5.
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It is easy to see that complete unimodular fans are quasilinear (see Section 8.4). In this
section we prove the following generalization of this statement.

Theorem 8.1. The Bergman fan and the augmented Bergman fan of a matroid are quasilinear.
More generally, any generalized Bergman fan is quasilinear.

8.1. Matroids. We start by briefly recalling basic definitions involving matroids and refer to
relevant part of [Oxl06] for more details. A matroid can be defined in different equivalent ways,
for example by specifying what is called its collection of independent sets, or its collection of
bases, or its collection of flats, or its collection of circuits, or still by giving its rank function.
The data of any of these collections determine all the others.

Definition 8.2 (Matroid: definition with respect to the family of independent sets). A matroid
m is a pair (E,I) consisting of a finite set E called the ground set and a collection I of subsets of
E called the family of independent sets of m which verifies the following axiomatic properties:

(1) The empty set is an independent set: ∅ ∈ I.

(2) (Hereditary property) I is closed under inclusion: if J ⊆ I and I ∈ I, then J ∈ I.

(3) (Augmentation property) for two elements I, J ∈ I, if card(J) < card(I), then one
can find an element i in I ∖ J such that J ∪ {i} ∈ I. ⋄

Remark 8.3. An example of a such a pair = (E,I) is given by a collection of vectors v1, . . . , vm
in a finite dimensional vector space H over a field k. The ground set E is [m] and the collection
I of independent sets consists of all subsets I ⊆ [m] verifying that the corresponding vectors
vi for i ∈ I are linearly independent. A matroid m of this form is called representable (over
k). Nelson shows in [Nel18] that almost any matroid is non-representable over any field. ⋄

To a given matroid m = (E,I) we can associate the so-called rank function rk : 2E → Z⩾0

which is defined as follows. For a subset A ⊆ E, the rank of A is defined as the maximum of
card(I) over all independent sets I which are included in A. The integer rk(E) is called the
rank of m. The rank function satisfies the submodularity property

∀A,A′ ⊆ E, rk(A ∩A′) + rk(A ∪A′) ⩽ rk(A) + rk(A′).

A basis of m by definition is a maximal independent set. The collection of bases of m is
denoted by B(m). A circuit of m is a minimal dependent set. A set is called dependent if it
is not independent. The collection of circuits of m is denoted by C(m).

The closure cl(A) of a subset A in E is defined as

cl(A) := {i ∈ E such that rk(A ∪ {i}) = rk(A)}.

A flat of m is a subset F ⊆ E with cl(F ) = F . Flats are also equally called closed sets and
the collection of flats of the matroid m is denoted by Cℓ(m). A flat of m is called proper if it
is different from E. The set of nonempty proper flats of m is denoted Cℓ0(m).

Let i be an element of E. The matroid m ∖ {i}, resp. m/{i}, is the matroid obtained by
deleting i, resp. contracting i, in m. Both these matroids have ground set E ∖ {i}, and their
set of flats is characterized by

Cℓ(m∖ {i}) =
{
F

∣∣ F ∈ Cℓ(m) or F ∪ {i} ∈ Cℓ(m)
}
, Cℓ(m/{i}) =

{
F

∣∣ F ∪ {i} ∈ Cℓ(m)
}
.

An element i with rk({i}) = 0 is called a loop. Two elements i and i′ of E are called parallel
if rk({i, i′}) = rk({i}) = rk({i′}) = 1. A matroid is simple if it neither contains loops nor
parallel elements.

An element i ∈ E is called a coloop if rk(E∖{i}) = rk(E)−1. This is equivalent to E∖{i}
being a flat.
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8.2. Bergman fans. Let m be a simple matroid of rank r on a ground set E. The Bergman
fan of m denoted by Σm is defined as follows.

For a subset A ⊆ E, we denote by eA the sum
∑

i∈A ei. Here {ei}i∈E is the standard basis
of RE . Let N = ZE

/
ZeE and denote by M the dual of N . By an abuse of the notation,

we denote by the same notation eA the projection in NR of
∑

i∈A ei. Note in particular that
eE = 0.

The Bergman fan Σm of m is the rational fan in NR of dimension r − 1 defined as follows.
First, a flag of nonempty proper flats F of m is a collection

F : ∅ ̸= F1 ⊊ F2 ⊊ · · · ⊊ Fℓ ̸= E

consisting of flats F1, . . . , Fℓ of m. The number ℓ is called the length of F .
To such a flag F , we associate the rational cone σF ⊆ NR generated by the vectors

eF1
, eF2

, . . . , eFℓ
, that is,

σF :=
{
λ1eF1

+ · · ·+ λℓeFℓ

∣∣∣ λ1, . . . , λℓ ⩾ 0
}
.

The dimension of σF is equal to the length of F .
The Bergman fan of m is the fan consisting of all the cones σF , F a flag of nonempty

proper flats of m, i.e.,

Σm :=
{
σF

∣∣∣ F flag of nonempty proper flats of m
}
.

The fan Σm (endowed with weight function taking value 1 on each facet) is a tropical fan of
pure dimension rk(m) − 1. A generalized Bergman fan is any fan isomorphic to a fan with
support |Σm| (considered with the same lattice) for some matroid m.

Example 8.4. For non-negative integers r and n with r+1 ⩽ n, the uniform matroid Ur+1,n

has ground set E = [n] with collection of independent sets I consisting of all subsets of E of
size bounded by r + 1. The Bergman fan of U3,4 is depicted in Figure 2. ⋄

Remark 8.5. The support of ΣUr+1,r+1
is the full space Rr ≃ Rr+1

/
ReE. ⋄

Remark 8.6. If a matroid m has parallel elements but no loops, then we can still define the
Bergman fan Σm of m. This fan is isomorphic to the Bergman fan of the matroid m̃ obtained
from m by deleting all but one element in each set of parallel elements. ⋄

Let m be a simple matroid on the ground set E = [m] and denote by C(m) the circuits of
m. The support of Σm is described by a theorem of Ardila-Klivans [AK06] as follows. Let Σ̃
be the set of points x = (xi)i∈E ∈ RE such that for every circuit C ∈ C(m), the minimum of
xi for i ∈ C is achieved at least twice. Note that if x ∈ Σ̃, then x+ λeE ∈ Σ̃ for all λ ∈ R.

Theorem 8.7 (Ardila-Klivans [AK06]). The support of Σm coincides with the projection of
Σ̃ in RE

/
ReE.

The augmented Bergman fan of m defined in [BHM+22] is the fan pΣm which lives in the
space RE , and which has the following description.

An independent set I in m is called compatible with a flag of (possibly empty) proper flats
F : F1 ⊊ · · · ⊊ Fl if I ⊆ F1. In this case, the pair (I,F ) is called compatible. To any
compatible pair (I,F ) of an independent set I and a flag of proper flats F in m we associate
the unimodular cone σI,F in RE defined by

σI,F :=
∑
i∈I

R⩾0ei +
∑
F∈F

R⩾0(−eE∖F ).

The augmented Bergman fan pΣm is the collection of all the cones σI,F , (I,F ) compatible pair
in m. The augmented Bergman fan pΣm is a generalized Bergman fan. Indeed, the augmented
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Bergman fan pΣm has the same support as the Bergman fan Σm̃, where m̃ is obtained as a free
coextension of m by a single element. This means m̃ has ground set E ⊔ {e} and bases of m̃
are either B ⊔ {e} for B a basis of m, or A where A is a subset of E of size rk(m) + 1 and
of maximal rank in m. Equivalently, the dual m̃⋆ is a free extension of m⋆ (with the same
rank).

8.3. Products of generalized Bergman fans.

Proposition 8.8. The product of two generalized Bergman fans is again generalized Bergman.

More precisely, for two matroids m and m′, we show the relation

|Σm| × |Σm′| ≃ |Σm∨m′|
where m∨m′ is any parallel connection of m and m′. We give the definition below and refer
to [Oxl06, Chapter 7] for more details. See also Remark 8.9 to get an intuition.

A pointed matroid is a matroid m on a ground set E with a choice of a distinguished
element ∗ = ∗m in E. Let now m and m′ be two pointed matroids on the ground sets
E and E′ with distinguished elements ∗m ∈ E and ∗m′ ∈ E′, respectively. The parallel
connection of m and m′ denoted by m ∨ m′ is by definition the pointed matroid on the
ground set E ∨ E′ = E ⊔ E′/(∗m = ∗m′), the wedge sum of the two pointed sets E and E′,
with distinguished element ∗ = ∗m = ∗m′, and with the following collection of bases:

B(m ∨m′) =
{
B ∪B′ ∣∣ B ∈ B(m), B′ ∈ B(m′) with ∗m ∈ B and ∗m′ ∈ B′

}
∪
{
B ∪B′ ∖ {∗}

∣∣ B ∈ B(m), B′ ∈ B(m′) with ∗m ∈ B and ∗m′ /∈ B′
}

∪
{
B ∪B′ ∖ {∗}

∣∣ B ∈ B(m), B′ ∈ B(m′) with ∗m /∈ B and ∗m′ ∈ B′
}
.

The circuits of m ∨m′ are given by

C(m ∨m′) = C(m) ∪ C(m′)

∪
{
(C ∪ C ′)∖ {∗}

∣∣ C ∈ C(m) with ∗m ∈ C and C ′ ∈ C(m′) with ∗m′ ∈ C ′
}
.

A parallel connection of two matroids m and m′ is a wedge sum of the form (m, i)∨ (m′, i′)
for some choices of elements i ∈m and i′ ∈m′ that turn them into pointed matroids.

Remark 8.9. The analogous operation for graphs consists in gluing two different graphs along
distinguished oriented edges as illustrated below. One can check that the relations between
the bases, resp. the circuits, of three matroids involved in a parallel connection mimics the
relations between the spanning trees, resp. the circuits, of the three graphs.

> ∨ > = > ⋄

Proof of Proposition 8.8. Let m and m′ be two matroids on ground sets E = [m] and E′ =
[m′], respectively. We show that the support of Σm × Σm′ is isomorphic, by an integral linear
isomorphism on the ambient spaces, to Σm∨m′.

Consider the following maps

RE∨E′ ϕ×ϕ′
−−−−→ RE × RE′ π×π′

−−−−→ RE
/
ReE × RE′/

ReE′.

Here, π, π′, ϕ and ϕ′ are the natural projections.
We follow the notations introduced in Theorem 8.7 and consider the subsets pΣm∨m′, pΣm and

pΣm′ of RE∨E′ , RE and RE′ , respectively.
Since C(m ∨m′) contains C(m) and C(m′), ϕ× ϕ′ restricts to a map pϕ× pϕ′ from pΣm∨m′ to

pΣm× pΣm′. Denote by ψ : pΣm∨m′ → |Σm|×|Σm′| the composition of this map with the projection
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π× π′. Clearly, ψ is a linear map and ker(ψ) = ReE . It remains to prove that ψ is surjective.
This can be checked directly by applying Theorem 8.7, using the description given above of
the circuits in m ∨m′. □

8.4. Proof of Theorem 8.1. Let m be a simple matroid with Bergman fan Σm. Denote by
r+1 the rank of m with r a non-negative integer. We need to show that any unimodular fan
Σ with |Σ| = |Σm| is in ⟨B⟩. Applying Theorem 7.10, it will be enough to produce one such
fan Σ ∈ ⟨B⟩.

First, we observe that since Λ ∈ B, the product Λn is in ⟨B⟩. This implies that complete
fans are all quasilinear.

We infer that unimodular complete fans are quasilinear. We can therefore assume that m
is not a free matroid. We now proceed by induction on the size of m.

There exists an element i in the ground set E of m such that m ∖ {i} has the same rank
as m. By induction, and applying Remark 8.6 (since m/{i} may have parallel elements), the
Bergman fans Σm/{i} of m/{i} and Σm∖{i} of m ∖ {i} are both quasilinear. It follows from
Section 7.6 that Σm∖{i} is principal and div-faithful. Moreover, by Lemma 8.10 below, Σm/{i}

is a divisor in Σm∖{i}. Therefore, Σm/{i} is the divisor of a holomorphic function in M(Σm∖{i}),
unique up to addition by an integral linear function on Σm∖{i}. The tropical modification
of Σm∖{i} along the divisor Σm/{i} is a well-defined unimodular quasi-projective fan Σ. By
Lemma 8.11 below, the supports of Σ and Σm are the same. We have produced a quasilinear
fan with support |Σm| and the theorem follows. □

Lemma 8.10. Notations as above, Σm/{i} is a divisor in Σm∖{i}.

Proof. We know that Cℓ(m/{i}) ⊂ Cℓ(m ∖ {i}). By the definition of the Bergman fans, we
infer that Σm/{i} is a subfan of Σm∖{i}. Since Σm/{i} is tropical and has codimension one in
Σm∖{i}, the result follows. □

Since m∖{i} is quasilinear by induction hypothesis, Cℓ(m/{i}) is the divisor of a holomor-
phic function that is unique up to addition of an integral linear function.

Lemma 8.11 (Shaw [Sha13]). Notations as above, let Σ be the tropical modification of Σm∖{i}

along the divisor Σm/{i}. We have |Σ| = |Σm|.
We provide a short proof of this result written in our framework.

Proof. We denote by N the ambient lattice of Σm and by N ′ the ambient lattice of both Σm∖{i}

and Σm/{i}. We have a projection π : N → N ′. We choose an arbitrary section i : N ′ → N and
identify N with N ′ × Z via this section. Let f be the meromorphic functions on Σm∖{i} such
that (eF , f(eF )) = eclm(F ) for any F ∈ Cℓ0(m ∖ {i}) and where the closure operator is taken
with respect to m. Let Γf := id× f be the graph of f as in Section 5.

To a flag F : F1 ⊊ · · · ⊊ Fk of nonempty proper flats of m ∖ {i} corresponds the cone
σF ∈ Σm∖{i}. We denote by clm(F ) the flag clm(F1) ⊊ · · · ⊊ clm(Fk) of nonempty proper
flats of m. From the definition of f , Γf (σF ) = σclm(F ) ∈ Σm.

A complete flag of nonempty proper flats of m which is not of the form clm(F ) for F a
complete flag of m∖ {i} is necessarily of the form

F1 ⊊ · · · ⊊ Fl ⊊ Fl ∪ {i} ⊊ Fl+1 ∪ {i} ⊊ · · · ⊊ Fr−1 ∪ {i}.

Hence facets η of Σm which are not in Γf (Σm∖{i}) are parallel to ei, i.e., ei ∈ Nη, and they
live above the codimension one face Γf (σF ′) where F ′ is the flag F1 ⊊ · · · ⊊ Fr−1. One can
prove that Fk ∪ {i} are all in Cℓ0(m) for k ⩽ l, therefore F ′ is a flag of nonempty proper flats
of m/{i}.

We prove that Σm and TMf (Σm∖{i}) are equal as weighted fans, after performing some
subdivisions if necessary. Subdividing these two fans if necessary, one can find a complete fan
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containing both of them as subfans. We can see the two fans as Minkowski weights in this
complete fan. Their difference has support of dimension r included in⋃

δ∈Σm∖{i},r−1

Γf (δ) + R⩾0ei.

It is easy to see the only such Minkowski weight is zero.
It remains to prove that div(f) = Σm/{i}. The divisor of f can be identified with Σρi

m, the
star fan around the ray ρi = R⩾0ei. This star fan is generated by the faces σF with F a flag
of nonempty proper flats of m of the form

{i} ⊊ F1 ∪ {i} ⊊ · · · ⊊ Fk ∪ {i}.
The flags F1 ⊊ · · · ⊊ Fk form precisely the set of flags of nonempty proper flats of m/{i}. □

Remark 8.12. In Example 12.17, we show that the property of being a generalized Bergman
fan is not T-stable. That example is a quasilinear tropical fan which is not a generalized
Bergman fan. Given the results we are about to prove about the T-stability of several geometric
properties, such as Poincaré duality and the property of being Chow-Kähler, this means that
the tropical fans to which our theorems apply go beyond the setting of matroids and fans with
the same support as their Bergman fans. ⋄

9. Basic T-stability results

The aim of this section is to prove the T-stability of several geometric properties introduced
in the previous sections. These properties will be crucial in the treatment of Kähler package
in the following sections.

9.1. Normality is T-stable. We first prove the following theorem.

Theorem 9.1. Being Q-normal is T-stable. Being normal is T-stable in the class of unitary
tropical fans.

Proof. We prove the first statement. The second statement follows from T-stability of the
class of unitary tropical fans, and the fact that Q-normality and normality are equivalent for
unitary tropical fans, Proposition 2.3.

Recall that a tropical fan (Σ, ω) is normal if and only if for any face η of codimension one
in Σ, (Ση, ωη) is a generalized tropical line. In particular, Q-normality is star-stable and only
depends on the support (see Proposition 2.3).

Denote by P the predicate for a tropical fan to be Q-normal. Therefore, P = P ⋆. Note
that the elements of B1 are Q-normal. Let Σ be a tropical fan verifying the condition of the
T-stability meta lemma, Lemma 7.13. In particular, if the dimension of Σ is at least two, then
for any face η of codimension one in Σ, the star fan Ση is Q-normal. As a consequence Σ
verifies P .

It remains to treat the case where Σ is of dimension one. In this particular situation, the
only non-trivial case to deal with is the one where (Σ, ω) is the tropical modification of a
generalized tropical line in Rk for some integer k. There are two cases depending on whether
the tropical modification is degenerate or not.

• First, assume Σ is a non-degenerate tropical modification of a generalized tropical line
(L, ω) in Rk with k + 1 rays. Rays in Σ are of the form ζo, ζ a ray of L, and the
special ray ρ = R⩾0e . Denote the primitive vectors of the rays of Σ by e0, . . . , ek,
and e . Consider the projection map p : TMf (Σ) → Σ associated to the tropical
modification. We have p(e ) = 0. Let a0, . . . , ak, a be scalar coefficients such that we
have a0e0+· · ·+akek+a e = 0. Applying p, we deduce that a0p(e0)+· · ·+akp(ek) = 0.
The Q-normality of (L, ω) implies that a0 = λω(ζ0), . . . , ak = λω(ζk) for some rational
number λ. Moreover, by the balancing condition in Σ, we get ω(ζ0)e0+ · · ·+ω(ζk)ek =
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−ω(ρ)e . Thus, (−λω(ρ) + a )e = 0. So we should have a = λω(ρ), which shows
that (a0, . . . , ak, a ) is a rational multiple of the weight vector. This proves that Σ is
Q-normal.

• In the second case, Σ is a degenerate tropical modification of a generalized tropical
line. We can prove in the same way as above that Σ is again Q-normal in this case.
We omit the details.

We have proved that Q-normality fulfills the conditions of Lemma 7.13, and so, it is T-
stable. □

9.2. Q-local irreducibility is T-stable. From the T-stability of Q-normality, we can deduce
the following theorem.

Theorem 9.2. Q-local irreducibility is T-stable. Local irreducibility is T-stable in the class of
unitary tropical fans.

Proof. Again we only prove the first statement. Denote by Q the property of being connected
through codimension one. A tropical fan Σ is Q-locally irreducible if and only if it is Q-
normal and verifies Q⋆. This is the analogue with rational coefficients of Proposition 2.5. By
statement (1) in Section 7.6, Q⋆ is T-stable. We conclude by T-stability of Q-normality. □

9.3. Stability of the principality. In this section we prove the following theorem.

Theorem 9.3 (Stability of the principality for locally irreducible tropical fans). The property
for a tropical fan to be Q-principal is T-stable in the class of Q-locally irreducible tropical fans.
Being principal is T-stable in the class of locally irreducible and unitary tropical fans.

Before proceeding with the proof, we would like to make a few comments.
First, we note that as shown in Example 12.9, T-stability might fail for principality (instead

of Q-principality, stated in the theorem). Moreover, local irreducibility assumption is needed
in the theorem, as explained by Example 12.8.

Finally, unlike the properties of normality and local irreducibility, treated in Theorems 9.1
and 9.2, the property of being principal is not T-stable in the class of unitary fans. Example
12.10 provides a reduced tropical fan that is not principal, but only Q-principal.

We now turn to the proof of the theorem 9.3. We will only prove the first statement, as
the second follows by the same reasoning. We use Lemma 7.13 with C the class of Q-locally
irreducible tropical fans and with P the predicate of being Q-principal at 0. We have already
proved that C verifies the condition required in the lemma. The fact that elements of B1 are
Q-principal is trivial. We show that the four properties (ML1)-(ML2)-(ML3)-(ML4) stated in
the lemma are verified.

9.3.1. Closedness under products (ML1). Consider two Q-locally irreducible Q-principal trop-
ical fans (Σ, ωΣ) and (Σ′, ωΣ′) of dimension d and d′, respectively. We prove that Σ × Σ′ is
Q-principal at 0. By Künneth formula for Minkowski weights, we get

MWd+d′−1(Σ× Σ′) = MWd(Σ)⊗MWd′−1(Σ
′) ⊕ MWd−1(Σ)⊗MWd′(Σ

′).

Using the above decomposition, and arguing by symmetry, we only need to verify that divisors
of the form D × C ′ for D ∈ MWd−1(Σ) and C ′ ∈ MWd′(Σ

′) are Q-principal.
Since Σ′ is Q-locally irreducible, we can suppose that C ′ is equal to the element [Σ′] in

MWd′(Σ
′) given by Σ′. Since Σ is Q-principal, we have aD = div(f) for a conewise integral

linear function f on Σ and a positive integer a. Denote by π : Σ × Σ′ → Σ the natural
projection. We have div(π∗f) = div(f)× [Σ′] = aD × C ′, from which the result follows.
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9.3.2. Closedness under tropical modifications (ML2). Let (Σ, ωΣ) be a Q-principal Q-locally
irreducible tropical fan, and let (Σ̃, ωΣ̃) be a tropical modification of Σ. By Lemma 7.13, we
can assume without loss of generality that Σ is unimodular.

By Proposition 6.1, the application A1(Σ) → A1(Σ̃) is surjective and the application
MWd−1(Σ̃) → MWd−1(Σ) is injective. From the explicit description of the map cl1 given
in Proposition 4.9, we get the following commutative diagram

(9.1)
A1(Σ̃) MWd−1(Σ̃)

A1(Σ) MWd−1(Σ).

Since Σ is Q-principal, the map A1(Σ,Q) → DivQ(Σ) = MWd−1(Σ,Q) is surjective. Using the
above diagram, we obtain the surjectivity of A1(Σ̃,Q) → MWd−1(Σ̃,Q). By Theorem 4.10,
this implies that Σ̃ is Q-principal at 0, as desired.

9.3.3. Closedness under blow-ups and blow-downs. Consider a tropical fan Σ of dimension d
and let σ be a cone of Σ and ρ a ray inside σ. Set Σ′ = Σ(ρ). Assume that Σ and Σ′ are
Q-principal at any nontrivial face. We need to prove Σ is Q-principal at 0Σ if and only if Σ′

is Q-principal at 0Σ′ .
(ML3) Assume first that Σ is Q-principal. Let D be a divisor in Σ′. Let Dρ be the

induced divisor on Σ′ρ. We infer the existence of a meromorphic function fρ on Σ′ρ such that
div(fρ) = aDρ for a non-zero integer a. Via the projection map NR → Nρ

R, we view fρ as a
meromorphic function on the fan Σ′′ ⊂ Σ′ consisting of the cones τ comparable with ρ, and
extend it to a meromorphic function on full Σ′. By an abuse of the notation, we denote this
function by fρ. The divisor aD − div(fρ) on Σ′ does not have any of the faces τ ⪰ ρ with
τ ∈ Σ′

d−1 in its support. This means it can be viewed as a divisor in Σ. Since Σ is Q-principal,
we can find a meromorphic function f on Σ with div(f) = b(aD − div(fρ)) for a non-zero
integer b. We infer that baD is the divisor of the meromorphic function f + bfρ on Σ′, which
shows that D is Q-principal, as desired.

(ML4) Assume now that Σ′ is Q-principal. Let D be a divisor in Σ. Viewing D as a divisor
in Σ′, we find a meromorphic function f on Σ′ such that div(f) = aD for a non-zero integer
a. Take a facet η ⪰ σ in Σ. Denote by Σ′|η the fan of support η induced by Σ′. If f is not
linear on η, then one can find a face τ of dimension d− 1 in Σ′|η ∖ Σ such that ordτ (f) ̸= 0.
This is impossible since D is supported on faces of Σ. Hence f is linear on all the facets of Σ
containing σ. Therefore, f is meromorphic on Σ which proves that aD is principal in Σ.

9.3.4. Proof of Theorem 9.3. At this point, we have verified all the cases of Lemma 7.13 and
this concludes the proof of Theorem 9.3. □

9.4. T-stability of div-faithfulness. In this section we prove the following.

Theorem 9.4. The property for a tropical fan to be div-faithful is T-stable.

Again, we use Lemma 7.13 with C the class of all tropical fans and with P the predicate
of being div-faithful at 0. Elements of B1 are trivially div-faithful. We show that the four
properties stated in the lemma are verified.

9.4.1. Closedness under products (ML1). Consider two tropical fans (Σ, ωΣ) and (Σ′, ωΣ′) that
are div-faithful. We need to show that (Σ × Σ′, ωΣ×Σ′) is div-faithful at 0. We can assume
without loss of generality that Σ and Σ′ are unimodular (by Lemma 7.13) and saturated at 0
(see Remark 4.11).

We use the decomposition

MWd+d′−1(Σ× Σ′) = MWd−1(Σ)⊗MWd′(Σ
′) ⊕ MWd(Σ)⊗MWd′−1(Σ

′).
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We have injections Z = A0(Σ) ↪→ MWd(Σ) and A0(Σ′) ↪→ MWd′(Σ
′). We have moreover a

decomposition
A1(Σ× Σ′) ≃ A1(Σ)⊗A0(Σ′) ⊕ A0(Σ)⊗A1(Σ′).

The injectivity of the map A1(Σ×Σ′) → MWd+d′−1(Σ×Σ′) now follows from the injectivity
of the corresponding maps for Σ and Σ′, given by Theorem 4.10, which shows that Σ× Σ′ is
div-faithful at 0, as desired.

9.4.2. Closedness under tropical modifications (ML2). Let (Σ, ω) be a tropical fan that is div-
faithful. Let (Σ̃, ω̃) be a tropical modification of Σ along a divisor ∆ which is div-faithful. We
need to prove that Σ̃ is div-faithful at 0. We can assume without loss of generality that Σ is
saturated at 0 and unimodular.

We use the commutative diagram (9.1). This time, Theorem 4.10 implies that the bottom
map is injective, from which we deduce that the top map is also injective. The same theorem
then gives the result.

9.4.3. Closedness under blow-ups and blow-downs. Consider a tropical fan (Σ, ω), and let σ
be a cone of Σ and ρ a ray inside σ. Set Σ′ = Σ(ρ). Assume that Σ and Σ′ are div-faithful
at any of their non-zero faces. We need to show that Σ is div-faithful at 0 if and only if Σ′ is
div-faithful at 0.

(ML3) First, assume that Σ is div-faithful at 0. Let f be a meromorphic function on Σ′

whose divisor is trivial. Then, the induced meromorphic function fρ on Σρ (see Section 9.3.3)
verifies div(fρ) = 0. By assumption, Σρ is div-faithful. Thus, fρ is linear, and we deduce
that f is linear on each face η ⪰ σ of Σ. Thus, f is conewise linear on Σ. We infer that f is
globally linear. This shows that Σ′ is div-faithful at 0.

(ML4) Second, assume that Σ′ is div-faithful. Let f be a meromorphic function on Σ such
that div(f) = 0. Then, f is also a meromorphic function on Σ′, and since its divisor is trivial,
it is linear. This shows that Σ is div-faithful at 0, as required.

9.4.4. Proof of Theorem 9.4. We have studied all the cases of Lemma 7.13. This concludes
the proof of Theorem 9.4. □

10. Stability of Poincaré duality for div-faithful unimodular fans

Let (Σ, ω) be a unimodular tropical fan of dimension d. Recall that A•(Σ) denotes the
Chow ring of Σ with coefficients in Z, and that A•(Σ,Q) := A•(Σ) ⊗ Q. The degree map
deg : Ad(Σ) → Z is given by the canonical class ω = ωΣ ∈ MWd(Σ) ≃ Ad(Σ)⋆, and sends any
element xη of Ad(Σ), η ∈ Σd, to ω(η). Consider the pairing

Φ: A•(Σ)×Ad−•(Σ) → Z,

(α, β) ∈ Ak(Σ)×Ad−k′(Σ) 7→

{
deg(α · β) if k = k′,
0 otherwise.

We denote by ΦQ the induced bilinear pairing on A•(Σ,Q).

Definition 10.1 (Poincaré duality). We say that (Σ, ω) verifies the Poincaré duality with Z-
coefficients denoted PDZ if Φ is a perfect pairing. Similarly, we say (Σ, ω) verifies the Poincaré
duality with Q-coefficients denoted PDQ if ΦQ is a perfect pairing. ⋄

We have the following theorem.

Theorem 10.2. Properties PDZ and PDQ are both T-stable in the class of div-faithful uni-
modular tropical fans.

Remark 10.3. In this section, the orientation is allowed to take negative values on facets. We
require tropical fans to be effective only in the treatment of positivity in the next section. ⋄
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Before providing the proof, we make a remark and state some consequences of this theorem.

Remark 10.4. If (Σ, ω) is a fan which verifies PDZ, then, the weights ω(η), η ∈ Σd, are
coprime. In particular, if Σ verifies PD⋆

Z, then Σ is unitary. To see this, note that since
A0(Σ) ≃ Z, Poincaré duality PDZ implies that deg : Ad(Σ) → Z is an isomorphism. It follows
from the definition that the image of the degree map is gcd ((ω(η))η∈Σd

) · Z. Therefore, the
weights must be coprime. For any facet η, Ση is a point with multiplicity ω(η), which verifies
PDZ if and only if ω(η) = ±1. In particular, if Σ verifies PD⋆

Z, then Σ is unitary. ⋄
Theorem 10.5. PD⋆

Q and PD⋆

Z are both T-stable in the class of unimodular tropical fans.

Proof. Let Σ be a fan verifying PD⋆

Z. By Poincaré duality at 0, the map A1(Σ) → Div(Σ) ≃
MWd−1 ≃ (Ad−1(Σ))⋆ is injective. Hence, Σ is div-faithful at 0. Applying the same argument
to all star fans, PD⋆

Z implies div-faithfulness. From the definition of T-stability we infer that
the T-stability of PD⋆

Z in the class of unimodular tropical fans is equivalent to the T-stability
of PD⋆

Z in the class of div-faithful unimodular tropical fans. The result follows from Theorem
10.2 and Proposition 7.14. The same argument works with rational coefficients. □

We directly get the following corollary.

Corollary 10.6. Any unimodular quasilinear tropical fan verifies PD⋆

Q. If the fan is addi-
tionally unitary, then it verifies PD⋆

Z.

The rest of this section is devoted to the proof of Theorem 10.2. We focus on the T-stability
of PDZ, as the proof with rational coefficients will be identical.

We check the properties required in Definition 7.1 one by one.

10.1. Closedness under products. Let (Σ, ω) and (Σ′, ω′) be two unimodular tropical fans
of dimension d and d′, respectively. By Künneth decomposition, we have a ring isomorphism

A•(Σ× Σ′) ≃ A•(Σ)⊗A•(Σ′).

The induced isomorphism between dual spaces sends degΣ×Σ′ to degΣ ⊗degΣ′. We infer that
PDZ(Σ× Σ′) holds provided that PDZ(Σ) and PDZ(Σ

′) both hold.

10.2. Closedness under tropical modifications. Let (Σ, ω) be a div-faithful tropical fan
and let (Σ̃, ω) be a tropical modification of (Σ, ω). By Poincaré duality, A•(Σ) has no torsion.
Applying Theorem 6.4, we obtain the Chow stability of tropical modification, namely that the
natural ring morphism A•(Σ) → A•(Σ̃) is an isomorphism. By compatibility of the degree
maps degΣ and degΣ̃, we conclude that PDZ(Σ) implies PDZ(Σ̃). Note that, if we are working
with rational coefficients instead, we can still apply Theorem 6.4 and the result follows in a
similar way.

Remark 10.7. In the proof, we did not require that the divisor along which we performed
the tropical modification verify Poincaré duality. We thus get a slightly stronger result. ⋄
10.3. Closedness under blow-ups and blow-downs. Consider a unimodular fan Σ of
dimension d and let σ be a cone in Σ. Let Σ′ = Bℓσ(Σ) be the unimodular stellar subdivision
of Σ obtained by stellar subdividing the cone σ. Denote by ρ the new ray in Σ′, that is,
ρ = R⩾0(e1 + · · · + e|σ|) with e1, . . . , e|σ| the primitive vectors of the rays of σ. Recall that
for any σ ∈ Σ, we have a surjective restriction map i∗0⪯σ : A

•(Σ) → A•(Σσ) described in
Section 3.6. We have the following key result on the relation between the Chow rings of Σ
and Σ′.

Theorem 10.8 (Keel’s lemma). Let J be the kernel of the surjective map i∗0⪯σ : A
•(Σ) →

A•(Σσ) and let
P (T ) :=

∏
ζ⪯σ
|ζ|=1

(xζ + T ).
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We have an isomorphism
χ : A•(Σ)[T ]

/
(JT + P (T )) ∼−→ A•(Σ′)

which sends T to −xρ and which verifies

∀ ζ ∈ Σ1, χ(xζ) =

{
xζ + xρ if ζ ⪯ σ,
xζ otherwise.

In particular, we obtain a decomposition of A•(Σ′) as

(10.1) A•(Σ′) ≃ A•(Σ)⊕A•−1(Σσ)T ⊕ · · · ⊕A•−|σ|+1(Σσ)T |σ|−1.

Proof. This follows from [Kee92, Theorem 1 in the appendix] for the map of toric varieties
PΣ′ → PΣ. Here P (T ) is the polynomial in A•(PΣ) whose restriction in A•(PΣσ) is the Chern
polynomial of the normal bundle for the inclusion of toric varieties PΣσ ↪→ PΣ.

We will provide an elementary proof of this lemma in Section 10.5. □

Let (Σ, ω) be a unimodular tropical fan and let (Σ′, ω′) be the tropical fan obtained as the
result of the unimodular blow-up of the cone σ in Σ. By Keel’s lemma, we have Ad(Σ) ≃
Ad(Σ′). Moreover, as the proof of Keel’s lemma given in Section 10.5 shows, this isomorphism
is compatible with the degree maps. This implies that degΣ : A

d(Σ) → Z is an isomorphism if
and only if degΣ′ : Ad(Σ′) → Z is an isomorphism.

Let σ be a face in Σ. Assume that PDZ(Σ
σ) holds. We need to show the equivalence of

PDZ(Σ) and PDZ(Σ
′). By the preceding discussion, we can assume in the following that the

degree maps are both isomorphisms.

Lemma 10.9. We have the following commutative diagram

Ad−|σ|(Σσ) Ad(Σ′) Ad(Σ)

Z

·(−T |σ|)
∼
∼

deg
deg

∼

∼

deg
∼

Proof. Let β be a top-degree element in Ad−|σ|(Σσ), and let α ∈ A•(Σ′) be a lifting of β for
the restriction map i∗0≺σ, which exists by (3.1) in Proposition 3.7.

Using the identity P (T ) = 0, we get

−T |σ| =

|σ|∑
j=1

SjT
|σ|−j

with Sj referring to the j-th symmetric function in the variables xζ ∈ A1(Σ′) for ζ a ray in σ.
Therefore,

−T |σ|α =

|σ|∑
j=1

SjαT
|σ|−j = xσα+

|σ|−1∑
j=1

SjαT
|σ|−j .

Since β = i∗σ(α) lives in the top-degree part of A•(Σσ), the products Sjα all belong to J. We
infer that the terms of the sum are all vanishing for j = 1, . . . , |σ| − 1, and using Propositions
3.7 and 3.8, we infer that

degΣ′ ◦χ(−T |σ|α) = degΣ(xσα) = degΣ(Gysσ≻0 ◦i∗0≺σ(α)) = degΣσ(β).

The fact that ·(−T |σ|) is an isomorphism then follows from the rest of the diagram. □

Denote by Ψk(Σ
′) the pairing Ak(Σ′)×Ad−k(Σ′) → Z. We use similar notations for Σ and

Σσ. The above diagram allows to describe the pairing induced by Ψk(Σ
′) on the different

parts of the decomposition given by Keel’s lemma.
• Between Ak(Σ) and Ad−k(Σ), we get the pairing Ψk(Σ).
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• For any positive integer i, between Ak−i(Σσ)T i and Ad−|σ|−k+i(Σσ)T |σ|−i we get the
pairing −Ψk−i(Σ

σ).
• For positive integers i < j, the pairing between Ak−i(Σσ)T i and Ad−|σ|−k+j(Σσ)T |σ|−j

is trivial. Indeed, Ad−|σ|+j−i(Σσ) is trivial.
• For any positive integer i < |σ|, the pairing between Ak(Σ) and Ad−k−i(Σσ)T i is

trivial. Indeed, the product lives in Ad−i(Σσ)T i which is trivial since d− i > d− |σ|.
We do not need to compute the pairing between the other parts. With respect to the decom-
position given by Keel’s lemma, the bilinear form Ψk(Σ

′) can be written in the form of a block
matrix consisting of bilinear maps, as follows.

(10.2)

Ad−k(Σ) Ad−k−|σ|+1(Σσ)T |σ|−1 · · · Ad−k−1(Σσ)T

Ak(Σ) Ψk(Σ) 0

Ak−1(Σσ)T 0 −Ψk−1(Σ
σ)

...
... · · ·

Ak−|σ|+1(Σσ)T |σ|−1 0 −Ψk−|σ|+1(Σ
σ)

0

*




The matrix is lower triangular. For the terms appearing on the diagonal, since we assume

PDZ(Σ
σ), all the bilinear maps except the first one are non-degenerate. Thus, Ψk(Σ

′) is non-
degenerate if and only if Ψk(Σ) is non-degenerate. This shows the properties PDZ(Σ) and
PDZ(Σ

′) are equivalent provided that PDZ(Σ
σ) is verified.

The above reasoning also applies to Chow rings with rational coefficients.

10.4. Proof of Theorem 10.2. At this point, we have verified all the needed properties for
the T-stability of the property PDZ in the class of unimodular tropical fans, and this concludes
the proof of Theorem 10.2. The proof of the statement for PDQ is similar. □

10.5. Proof of Keel’s lemma. In this section we give an elementary proof of Theorem 10.8.
First, we define a map

Φ: Z[xζ ]ζ∈Σ1 → Z[xζ ]ζ∈Σ′
1

on the level of polynomial rings by setting

∀ ζ ∈ Σ1, Φ(xζ) :=

{
xζ + xρ if ζ ⪯ σ,
xζ otherwise.

Claim 10.10. We have

Φ(IΣ) ⊂ IΣ′ and Φ(JΣ) ⊂ JΣ′.

Proof. The first assertion is clear from the definition of the blow-up. The second inclusion
Φ(JΣ) ⊂ JΣ′ follows from the relation eρ =

∑
ζ⪯σ
|ζ|=1

eζ , which implies for any m ∈ M , the

equality

Φ
(∑
ζ∈Σ1

m(eζ)xζ
)
=

∑
ζ∈Σ′

1

m(eζ)xζ . □

We infer that the map Φ descends to a morphism of Chow rings

Φ: A•(Σ) → A•(Σ′).
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We now extend the morphism Φ to a morphism of rings
χ : A•(Σ)[T ] → A•(Σ′)

by sending T to −xρ.
Recall that P (T ) :=

∏
ζ∈σ
|ζ|=1

(T + xζ) and J is the kernel of the restriction map i∗ : A•(Σ) →

A•(Σσ).

Claim 10.11. We have χ(P (T )) = 0 and χ|JT = 0.

Proof. By definition, χ|A•(Σ)
coincides with Φ. It follows that

χ(P (T )) =
∏
ζ∈σ
|ζ|=1

xζ

which is zero since the cone σ does not belong to Σ′.
To see the second assertion, we use the commutative diagram

A•(Σ′) A•(Σ′ρ) A•+1(Σ′)

A•(Σ) A•(Σσ)

i∗ Gys

i∗

Φ

where the second vertical map is obtained from the natural inclusion Σσ
1 ↪→ Σ′ρ

1 . The image
of an element a in J in A•+1(Σ′) following first the bottom line, then going up and ending in
A•+1(Σ′) is zero. On the other hand, the image of the same element going up first and then
following the upper line is Φ(a)xρ = −χ(aT ). We infer that χ|JT = 0. □

This implies that χ descends to a morphism of rings
χ : A•(Σ)

/(
JT + (P (T ))

)
→ A•(Σ′).

Since xζ for ζ ∈ Σ′ are all in the image of χ, χ is surjective.
In order to prove χ is an isomorphism, we construct a morphism

Ψ: A•(Σ′) → A•(Σ)
/(

JT + (P (T ))
)
,

and from the definition, we get Ψ ◦ χ = id and χ ◦Ψ = id.
We first construct

Ψ: Z[xζ ]ζ∈Σ′
1
→ Z[xζ ]ζ∈Σ1 [T ]

on the level of polynomial rings by

Ψ(xζ) =


xζ if ζ is not a ray of σ and ζ ̸= ρ,
xζ + T if ζ is a ray of σ,
−T if ζ = ρ.

Claim 10.12. We have Ψ(JΣ′) ⊆ JΣ.

Proof. Let m ∈M . We have, using eρ =
∑

ζ⪯σ
|ζ|=1

eζ ,∑
ζ∈Σ′

1

m(eζ)xζ = −m(eρ)T +
∑
ζ⪯σ
|ζ|=1

m(eζ)(xζ + T ) +
∑
ζ∈Σ1
ζ ̸⪯σ

m(eζ)Ψ(xζ)

=
∑
ζ∈Σ1

m(eζ)xζ ∈ JΣ. □

Claim 10.13. We have Ψ(IΣ′) ⊆ IΣ + JT + (P (T )).



HODGE THEORY FOR TROPICAL FANS 51

Proof. Let S = {ζ1, . . . , ζk} be a set of distinct rays in Σ′ which do not form a cone in Σ′ so
that xS =

∏
ζ∈S xζ ∈ IΣ′. We proceed by a case analysis.

• If all the rays of σ are in S, then Ψ(xS) ∈ (P (T )).
• If S does not contain ρ and it contains not all rays in σ. Let τ be the (possibly zero)

face of σ generated by those rays which belong to S and let S′ be those rays in S
which are not in σ. We can write xS = xτxS′ . Moreover, the rays in S′ do not form a
cone with τ , nor with σ, in Σ. We have

Ψ(xS) = xS′
∏
ζ⪯τ
|ζ|=1

(T + xζ).

Developing the product, we see that xS′xτ ∈ IΣ, and all the other terms are in JT .
That is, Ψ(xS) ∈ IΣ + JT .

• In the remaining case, S contains ρ but not all rays of σ. Let τ be the (possibly zero)
face of σ generated by those rays in S which belong to σ, and S′ all the rays of S
which are different from ρ and do not belong to σ. Again, S′ and rays of σ do not
form a cone in Σ. It follows that

Ψ(xS) = −xS′T
∏
ζ∈τ
|ζ|=1

(T + xζ) ∈ JT. □

We infer from the above claims that Ψ descends to a morphism of rings

Ψ: A•(Σ′) → A•(Σ)
/
JT + (P (T )).

We have Ψ ◦ χ = id and χ ◦ Ψ = id by verifying them on the level of generators, and this
concludes the proof of Keel’s lemma. □

11. Stability of being Chow-Kähler

All through this section, the orientations appearing in the tropical fans will be effective.
In order to apply topological arguments in few places, we will work with the Chow ring

A•(Σ,R) with real coefficients (but drop the mention of R). If the considered ample classes
are rational, then the stated results hold for the Chow ring with rational coefficients.

Let (Σ, ω) be an effective unimodular tropical fan of dimension d.

Definition 11.1 (Hard Lefschetz property). Let ℓ be an element of A1(Σ). We say that (Σ, ω)
verifies the Hard Lefschetz property HL(ℓ) if Σ verifies PDQ, and for any non-negative integer
k ⩽ d/2, the multiplication map ℓd−2k : Ak(Σ) → Ad−k(Σ) is an isomorphism. ⋄

For an element ℓ ∈ A1(Σ), and k ⩽ d/2, we consider the bilinear form

Qk
ℓ : A

k(Σ)×Ak(Σ) → R

defined by

(11.1) Qk
ℓ (a, b) := deg(ℓd−2kab), a, b ∈ Ak(Σ).

Note that if PDQ holds, then (Σ, ω) verifies HL(ℓ) if and only if Qk
ℓ is perfect.

Definition 11.2 (Hodge-Riemann). A tropical fan (Σ, ω) verifies the Hodge-Riemann bilinear
relations HR(ℓ) for an element ℓ ∈ A1(Σ) if it verifies HL(ℓ), and in addition, for any non-
negative integer k ⩽ d/2, the signature of the perfect pairing Qk

ℓ is given by the sum
k∑

i=0

(−1)i
(
dim(Ai(Σ))− dim(Ai−1(Σ))

)
. ⋄
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If (Σ, ω) of dimension d verifies HL(ℓ), then for any k ⩽ d/2, we get the Lefschetz decom-
position

Ak(Σ) = P k
ℓ (Σ)⊕ ℓP k−1

ℓ (Σ)⊕ · · · ⊕ ℓkP 0
ℓ (Σ)

with the primitive part P k
ℓ (Σ), dependent on ℓ, defined by

P k
ℓ (Σ) := ker

(
ℓd−2k+1 : Ak(Σ) → Ad−k+1(Σ)

)
.

Moreover, this is an orthogonal decomposition with respect to the bilinear form Qk
ℓ .

Proposition 11.3. Notations as in Definition 11.2, assume that HL(ℓ) holds. The following
properties are equivalent.

• HR(ℓ) holds.
• For each k ⩽ d

2 , the restriction of (−1)kQk
ℓ to the primitive part P k

ℓ (Σ) is positive
definite.

Proof. This follows by induction using the Lefschetz decomposition. We omit the details. □

Let f be a conewise linear function on Σ which takes real value cζ on the primitive vector
eζ and let ℓ =

∑
ζ cζxζ be the corresponding element of A1(Σ). We call ℓ ample provided that

f is strictly convex on Σ.

Definition 11.4 (Kähler package for the Chow ring). We say that a effective quasi-projective
unimodular tropical fan (Σ, ω) verifies the Kähler package for the Chow ring if it verifies HR(ℓ)
for any ample element ℓ ∈ A1(Σ). ⋄
Definition 11.5 (Chow-Kähler fans). We say that a effective quasi-projective unimodular
tropical fan (Σ, ω) is Chow-Kähler if for each σ ∈ Σ, the tropical fan (Σσ, ωσ) verifies the
Kähler package for the Chow ring. ⋄

This is the theorem we prove in this section.

Theorem 11.6. The property of being Chow-Kähler is T-stable in the class of effective quasi-
projective unimodular tropical fans.

As a corollary, using Proposition 7.8, we get the following result.

Corollary 11.7. Any effective unimodular quasi-projective quasilinear fan is Chow-Kähler.

In particular, since we proved that generalized Bergman fans are quasilinear, we get the
following result.

Corollary 11.8 (Kähler package for matroids [AHK18, ADH23, BHM+22, BHM+20]). The
Chow ring of any quasi-projective generalized Bergman fan verifies the Kähler package. In
particular, the Chow ring and the augmented Chow ring of matroids verify the Kähler package.

The rest of this section is devoted to the proof of Theorem 11.6. Sections 11.1 and 11.2
gather some basic properties of ample classes. In Section 11.3, we prove a local to global
property for the Hodge-Riemann bilinear relations. Section 11.4 establishes important ascent
and descent properties for the Hodge-Riemann bilinear relations which allow to control stellar
subdivisions and stellar assemblies. Finally, Sections 11.5.1, 11.5.2, and 11.5.3 establish the
T-stability properties of being Chow-Kähler.

11.1. Restriction of ample classes. Let (Σ, ω) be a unimodular tropical fan. Let f be a
strictly convex conewise linear function on Σ. We denote by ℓ(f) the element of A1(Σ) defined
by

ℓ(f) :=
∑
ζ∈Σ1

f(eζ)xζ .

Let σ be a cone of Σ and let ϕ be a linear form on NR which coincides with f on σ. The
function f − ϕ induces a conewise linear function on Σσ which we denote by fσ.
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Proposition 11.9. Notations as above, we have

ℓ(fσ) = i∗0⪯σ(ℓ(f))

in the Chow ring of Σσ. In particular, ℓ(fσ) does not depend on the choice of the linear
form ϕ. Moreover, if f is strictly convex on Σ, then fσ is strictly convex on Σσ, that is, i∗

sends ample classes in A1(Σ) to ample classes in A1(Σσ).

Proof. Using the notations we introduced previously, we write ζ ∼ σ if ζ is a ray in the link of
σ, i.e., ζ ̸⪯ σ and σ + ζ is a face of Σ. Such rays are in one-to-one correspondence with rays
of Σσ. Recall the following facts:

ℓ(ϕ) = 0, i∗0⪯σ(xζ) = 0 if ζ ̸∼ σ and ζ ̸⪯ σ, f(eζ) = ϕ(eζ) if ζ ⪯ σ.

We have

i∗0⪯σ(ℓ(f)) = i∗0⪯σ(ℓ(f − ϕ)) =
∑
ζ∈Σ1

(f − ϕ)(eζ)i
∗
0⪯σ(xζ)

=
∑
ζ∈Σ1
ζ∼σ

(f − ϕ)(eζ)i
∗
0⪯σ(xζ) =

∑
ζ∈Σσ

|ζ|=1

fσ(eζ)xζ = ℓ(fσ),

which proves the first statement. The second claim is straightforward. □

11.2. Ample cone and HR(ℓ). The following is straightforward.

Proposition 11.10. The set of ample elements in A1(Σ) is an open convex cone.

Definition 11.11. The subset of A1(Σ) consisting of ample elements is called the ample cone
of Σ. ⋄

Proposition 11.12. The property HR(ℓ) is an open condition in ℓ ∈ A1(Σ). Moreover, HR(ℓ)
is both a closed and an open condition in the space of all ℓ for which HL(ℓ) is verified.

Proof. The proposition directly follows from the following fact: the signature of non-degenerate
bilinear maps remains constant under small deformations. □

11.3. Hodge-Riemann for star fans of rays implies Hard Lefschetz. Let ℓ ∈ A1(Σ)
be an ample element. In this case, ℓ has a representative in A1(Σ) with strictly positive
coefficients, i.e.,

ℓ =
∑
ζ∈Σ1

cζxζ

for scalars cζ > 0 in R. For each ζ ∈ Σ1, define ℓζ = i∗0≺ζ(ℓ) ∈ A1(Σζ) and let degζ be the
degree map of Σζ .

We need the following result. It is used in [dCM05] and [AHK18, Proposition 7.15].

Proposition 11.13. Assume that (Σ, ω) verifies Poincaré duality. If HR(Σζ , ℓζ) holds for
all rays ζ ∈ Σ1, then we have HL(Σ, ℓ).

Proof. Let k ⩽ d
2 . By Poincaré duality for A•(Σ), it will be enough to show that the multi-

plication map
ℓd−2k · − : Ak(Σ) −→ Ad−k(Σ)

is injective. Let a ∈ Ak(Σ) be such that ℓd−2k · a = 0. We have to show that a = 0.
There is nothing to prove if k = d/2, so assume 2k < d. For each ζ ∈ Σ1, define

aζ := i∗0≺ζ(a).

It follows that
(ℓζ)d−2k · aζ = i∗0≺ζ(ℓ

d−2ka) = 0,
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and so aζ lives in the primitive part P k
ℓζ
(Σζ) ⊆ Ak(Σζ), for each ray ζ ∈ Σ1.

Using now Propositions 3.7 and 3.8, for each ζ ∈ Σ1, we get

degζ
(
(ℓζ)d−2k−1 · aζ · aζ

)
= degζ

(
i∗0≺ζ(ℓ

d−2k−1 · a) · aζ
)
= deg

(
ℓd−2k−1 · a · xζ · a

)
.

We infer that∑
ζ∈Σ1

cζ degζ
(
(ℓζ)d−2k−1 · aζ · aζ

)
= deg

(
ℓd−2k−1 · a ·

(∑
ζ

cζxζ
)
· a

)
= deg(ℓd−2k · a · a) = 0.

By HR(Σζ , ℓζ), since aζ ∈ P k
ℓζ
(Σζ), we have (−1)k degζ

(
(ℓζ)d−2k−1 ·aζ ·aζ

)
⩾ 0 with equality

if and only if aζ = 0. Since cζ > 0 for all ζ, we conclude that aζ = 0 for all ζ ∈ Σ1.
Applying Proposition 3.7 once more, we infer that

xζa = Gysζ≻0 ◦ i∗0≺ζ(a) = Gysζ≻0(a
ζ) = 0.

Since the elements xζ generate the Chow ring, Poincaré duality for A•(Σ) implies that
a = 0, and the proposition follows. □

We deduce the following result.

Proposition 11.14. Let (Σ, ω) be an effective and unimodular tropical fan of dimension d
which verifies the property PD⋆

Q. Assume for each cone σ ∈ Σ, there exists an ample element
a(σ) ∈ A1(Σσ) such that HR(a(σ)) holds. Then, (Σ, ω) is Chow-Kähler.

Proof. Proceeding by induction, we can assume (Σσ, ωσ) is Chow-Kähler for all σ ̸= 0. We
need to show that for any ample element ℓ ∈ A1(Σ), HR(ℓ) holds.

If ℓ ∈ A1(Σ) is an ample element, for any ray ζ ∈ Σ, we get an ample element ℓζ in A1(Σζ).
By the hypothesis of our induction, HR(ℓζ) holds. Applying Proposition 11.13, we deduce
that HL(Σ, ℓ) holds for any element ℓ of the ample cone.

By Proposition 11.12, the set of ℓ which verify HR(ℓ) is both open and closed in the set of
all ℓ which verify HL(ℓ). By assumption, there is an ample element a(0) in the ample cone
of Σ such that HR(a(0)) holds. Since any element ℓ in the ample cone of Σ verifies HL(ℓ),
we infer that HR(ℓ) holds for any element of the ample cone of Σ. This proves that (Σ, ω) is
Chow-Kähler. □

11.4. Ascent and Descent. Let (Σ, ω) be an effective unimodular tropical fan. Let h be a
strictly convex conewise linear function on Σ and denote by ℓ the corresponding ample element
of A1(Σ). Let Σ′ be the fan obtained from Σ by unimodular blow-up of a cone σ ∈ Σ. Denote
by ρ the new ray in Σ′. The function h defines a conewise linear function on Σ′ that we
denote by h′. Since eρ =

∑
ζ≺σ
|ζ|=1

eζ , we get h′(eρ) =
∑

ζ≺σ
|ζ|=1

h(eζ). The corresponding element

ℓ′ := ℓ(h′) in A1(Σ′) is thus given by

ℓ′ =
∑
ζ∈Σ1

h(eζ)xζ +
(∑
ζ≺σ
|ζ|=1

h(eζ)
)
xρ.

Notice that the definition of ℓ′ only depends on the class ℓ, and not on the chosen repre-
sentative h.

Theorem 11.15. We have the following properties.
• (Ascent) Assume the property HR(Σσ, ℓσ) holds. Then, HR(Σ, ℓ) implies HR(Σ′, ℓ′ −
εxρ) for any small enough ε > 0,

• (Descent) We have the following partial inverse: if both the properties HR(Σσ, ℓσ) and
HL(Σ, ℓ) hold, and if we have the property HR(Σ′, ℓ′−εxρ) for any small enough ε > 0,
then we have HR(Σ, ℓ).
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Before proving the theorem, we need to introduce some basic results about graded algebras
verifying Hodge-Riemann bilinear relations.

Let B• be any finite dimensional graded vector space. Let d be an integer such that
dim(Bk) = dim(Bd−k) for all k ∈ Z. We will refer to d as the fundamental degree of B•. (The
terminology is justified by the observation that Bd is the piece which contains the fundamental
class of a Poincaré duality space.)

Let Q be a symmetric bilinear form on B•⩽d/2 =
⊕

k⩽d/2B
k which decomposes as Q =⊕

k⩽d/2Q
k with Qk a symmetric bilinear form on Bk. We denote by HR(B•, Q) the Hodge-

Riemann bilinear relations for the pair defined to be the property that for any non-negative
integer k ⩽ d/2, Qk is a perfect pairing of signature∑

i⩽k

(−1)i
(
dim(Bi)− dim(Bi−1)

)
.

In particular, small perturbations of the symmetric bilinear forms Qk preserve the Hodge-
Riemann bilinear relations. The following lemma is straightforward.

Lemma 11.16. Let (B•, Q) and (C•, Q′) be two graded vector spaces of the same fundamental
degree endowed with symmetric bilinear forms as above. If any two vector spaces among
(B•, Q), (C•, Q′) and their orthogonal sum (B• ⊕C•, Q⊕Q′) verify Hodge-Riemann bilinear
relations, so does the third.

For any integer k, we define the shift of the pair (B•, Q) by k denoted by (B•, Q)[k] by

(B•, Q)[k] := (B•+k, (−1)kQ).

This pair is of fundamental degree d− 2k. The sign (−1)k in front of Q is chosen so that the
Hodge-Riemann bilinear relations are preserved by shifts.

Back to the situation we are interested in, assume now that B• is a finite dimensional graded
algebra of fundamental degree d which is zero in negative degrees. Assume moreover there
is a degree map deg : Bd → R. For an element ℓ in B1, we denote by Qℓ =

⊕
k⩽d/2Q

k
ℓ the

quadratic form defined as in Equation (11.1), that is, Qk
ℓ (a, b) := deg(ℓd−2kab) for a, b ∈ Bk.

We have the following result.

Proposition 11.17 (Stability of HR under products). Let B• and C• be two finite dimensional
graded algebras of respective fundamental degrees d and d′. Let ℓ ∈ B1 and ℓ′ ∈ C1. Then

HR(B•, Qℓ) and HR(C•, Qℓ′) =⇒ HR(B• ⊗ C•, Qℓ⊗1+1⊗ℓ′).

Proof. Assume the assumptions on the left hand side of the implication hold. For each piece
Bk, k ⩽ d/2, we get the primitive decomposition Bk = P k

ℓ ⊕ ℓP k−1
ℓ ⊕ · · · ⊕ ℓkP 0

ℓ . We take an
orthogonal basis (bk,i)i∈[dim(Bk)−dim(Bk−1)] of the primitive part P k

ℓ . We can thus decompose
B• as an orthogonal sum

B• =

d/2⊕
k=0

⊕
i

Vect
(
bk,i, ℓbk,i, . . . , ℓ

d−2kbk,i
)
.

The restriction of the bilinear form Qℓ on the term corresponding to some bk,i is isomorphic
to the pair (R[x]

/
(xd−2k+1), Qx)[−k] for the degree map deg(xd−2k) = |deg(b2k,iℓd−2k)|. Using

a similar decomposition (cl,j)l,j for C•, we get an orthogonal decomposition of the product:
d/2⊕
k=0

d′/2⊕
l=0

⊕
i

⊕
j

bk,icl,j
(
R[x]

/
(xd−2k+1)⊗ R[y]

/
(yd

′−2l+1), Qx⊗1+1⊗y
)
[−k − l].

Hence, we are reduced to verify the statement in the case the two algebras are R[x]
/
(xr+1)

and R[y]
/
(ys+1), for two non-negative integers r and s, and ℓ and ℓ′ are multiplications by x
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and y, respectively. The proof in this case can be obtained either by using Hodge-Riemann
property for the complex projective variety CPr × CPs, or by the direct argument given
in [BBFK02, Proposition 5.7], or still by the combinatorial argument in [McD11, Lemma 2.2]
and [AHK18, Lemma 7.8] based on the use of Gessel-Viennot-Lindström lemma [GV85,Lin73].

□

We use the notations of Section 10.3. Let d be the dimension of Σ. By Keel’s lemma, we have
Ad(Σ) ≃ Ad(Σ′), and under this isomorphism, the canonical element ϖΣ of Σ gets identified
with the canonical element ϖΣ′ of Σ′. We denote by α a lifting of ϖΣσ in Ad−|σ|(Σ). By
Lemma 10.9, the canonical element ϖΣ′ can be identified with −T |σ|α in Keel’s decomposition
A•(Σ′) ≃ A•(Σ)[T ]

/
(JT + P (T )), and we have the compatibilities of the degree maps given

in the lemma.
The proof of Theorem 11.15 is based on a deformation argument. The idea is used as a way

to derive Grothendieck’s standard conjecture of Lefschetz and Hodge type for a blow-up from
the result on the base, see [Ito05, Section 3]. A similar argument is used in [AHK18].

Let h be a strictly convex conewise linear function on Σ, h′ the conewise linear function
on Σ′ induced by h, and denote by ℓ ∈ A1(Σ) and ℓ′ ∈ A1(Σ′) the corresponding elements.
Consider the decomposition given by Theorem 10.8

(11.2) A•(Σ′) ≃ A•(Σ)⊕A•−1(Σσ)T ⊕ · · · ⊕A•−|σ|+1(Σσ)T |σ|−1.

We define the pair (D•, Q) by

(11.3)
(
A•(Σ), Qℓ

)
⊕

(
A•(Σσ)⊗ R[T ]

/
(T |σ|−1), Qℓσ⊗1+1⊗T

)
[−1].

The pair (R[T ]
/
(T |σ|−1), QT ) trivially verifies the Hodge-Riemann bilinear relations. Once

shifted by one, it can be identified with the graded vector space T · R[T ]
/
(T |σ|−1) endowed

with the suitable bilinear pairing. Via this identification and the decompositions given in
(11.2) and (11.3), we identify D• with A•(Σ′) as graded real vector spaces. We thus get a
bilinear form Q on A•⩽d/2(Σ′).

For positive ε > 0, we define the linear automorphism

Sε : A
•(Σ′) → A•(Σ′)

of degree 0 which is the identity map id on A•(Σ), and multiplication by εk−
|σ|
2 on each

A•(Σσ)T k in the direct sum decomposition (11.2). We obtain the symmetric bilinear forms

Qℓ′+εT ◦ Sε : A•⩽d/2(Σ′)×A•⩽d/2(Σ′) → R.

Here Sε acts by diagonal action.

Lemma 11.18. As ε tends to zero, the bilinear forms Qℓ′+εT ◦ Sε admit a limit Qlim defined
on A•⩽d/2(Σ′). Via the identification A•⩽d/2(Σ′) = D•⩽d/2 as graded real vector spaces, we
have Qlim = Q.

We postpone the proof of the lemma. Using the lemma, we deduce the theorem.

Proof of Theorem 11.15. Assume that HR(A•(Σσ), ℓσ) holds. Applying Proposition 11.17 and
Lemma 11.16 to Equation (11.3), we get that HR(D•, Q) is equivalent to HR(A•(Σ), ℓ).

Proof of the ascent property. Since HR(A•(Σ), ℓ) holds, so does HR(D•, Q). Applying Lemma 11.18,
we identify Q with the limit bilinear form Qlim. Since Hodge-Riemann bilinear relations re-
mains true for small perturbations of Q, we deduce that the property HR(A•(Σ′), Qℓ′+εT ◦Sε)
holds for any small enough value of ε > 0. Since the automorphism Sε preserves the signa-
ture, we infer that HR(A•(Σ′), ℓ′ + εT ) holds. Since T corresponds to −xρ via the decom-
position 11.2, we infer that the property HR(Σ′, ℓ′ − εxρ) holds, and the ascent property in
Theorem 11.15 follows.
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Proof of the descent property. In order to get HR(A•(Σ), ℓ), it suffices to prove HR(D•, Q).
Since we assume that Qk

ℓ is non degenerate for k ⩽ d/2, so is Qk.
By the hypothesis, we have HR(A•(Σ′), ℓ′− εxρ) for small enough values of ε > 0. Since Sε

is an automorphism, we deduce that HR(A•(Σ′), Qℓ′−εxρ ◦ Sε) holds for ε > 0 small enough.
We are in the situation where the limit Q of the family Qℓ′+εT ◦Sε is non-degenerate, and we
can apply a reasoning similar to Proposition 11.12 to deduce that the signature of Q is the
same as the signature of Qℓ′+εT ◦ Sε for any small enough positive ε. Hence, HR(D•, Q) is
verified.

This finishes the proof of Theorem 11.15. □

We are thus left to prove Lemma 11.18.

Proof of Lemma 11.18. Consider the decomposition (11.2). The decomposition for degree k
part Ak(Σ′) of the Chow ring has pieces Ak(Σ) and Ak−i(Σσ)T i for 1 ⩽ i ⩽ min{k, |σ| − 1}.
Consider the bilinear form on the Chow ring of Σ′ given by the degree map of A•(Σ′), as in
Section 10.3. Each piece Ak−i(Σσ)T i is orthogonal to the piece Ad−k(Σ) as well as to all the
piece Ad−k−j(Σσ)T j for j < |σ|−i, in Keel’s decomposition of Ad−k(Σ′), see the matrix (10.2).

We now work out the form of the matrix of the bilinear forms Qℓ′+εT ◦ Sε in degree k with
respect to (11.2). First, note that for a, b ∈ Ak(Σ), we have

Qℓ′+εT ◦ Sε(a, b) = degA•(Σ′)(aℓ
′d−2kb) +O(ε|σ|) = degA•(Σ)(aℓ

d−2kb) +O(ε|σ|).

Second, for an element a ∈ Ak(Σ) and an element b ∈ Ak−i(Σσ)T i, we get the existence of
an element c ∈ Ad−2k−|σ|+2i(Σ′) such that

Qℓ′+εT ◦ Sε(a, b) = degA•(Σ′)(ac(εT )
|σ|−iε−|σ|/2+ib) = O(ε|σ|/2).

Third, for an element a ∈ Ak−i(Σσ)T i and an element b ∈ Ak−j(Σσ)T j , with i + j ⩽ |σ|,
we get, setting n :=

(
d−2k

|σ|−i−j

)
,

Qℓ′+εT ◦ Sε(a, b)

= degA•(Σ′)

(
ε−|σ|/2+ia

(
n(εT )|σ|−i−jℓ′d−2k−|σ|+i+j +O(ε|σ|−i−j+1)

)
ε−|σ|/2+jb

)
= −n degA•(Σσ)(a(ℓ

σ)d−|σ|−2k+i+jb) +O(ε).

Finally, if a ∈ Ak−i(Σσ)T i and b ∈ Ak−j(Σσ)T j , with i+ j > |σ|, we get

Qℓ′+εT ◦ Sε(a, b) = degA•(Σ)(ε
−|σ|/2+iaO(1)ε−|σ|/2+jb) = O(εi+j−|σ|).

To conclude, we observe that the limit limε→0Qℓ′+εT ◦ Sε exists, and moreover, the pair
(A•(Σ′), limε→0Qℓ′+εT ◦ Sε) is identified with the pair (D•, Q), as claimed. □

11.5. Proof of Theorem 11.6. We now proceed to the proof of T-stability of being Chow-
Kähler. We use the T-stability meta Lemma 7.13 with C the class of effective quasi-projective
unimodular tropical fans and P the predicate that a tropical fan Σ verify Kähler package for
the Chow ring, Definition 11.4. It is easy to see that elements of B1 are in C and verify Kähler
package for the Chow ring. We show that properties (ML1)-(ML2)-(ML3)-(ML4) stated in
the lemma are verified.

11.5.1. Closedness under products (ML1). This follows directly from Proposition 11.17.

11.5.2. Closedness under tropical modifications (ML2). Let (Σ, ω) be a fan verifying the Kähler
package for the Chow ring. In particular Σ is div-faithful. Let (Σ̃, ω) be a tropical modification
of (Σ, ω) along an effective divisor ∆ = div(f), for f a meromorphic function on Σ. Applying
Theorem 6.4, we obtain the Chow stability of tropical modification, namely that the natural
ring morphism A•(Σ) → A•(Σ̃) is an isomorphism.
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Let ℓ̃ = ℓ̃(h̃) ∈ A1(Σ̃) be an element associated to a strictly convex function h̃ on Σ̃.
Adding a linear map if necessary, we can assume that h̃ is zero on the new ray of the tropical
modification. There thus exists a function h on Σ such that h̃ is the pullback of h by the
projection π : Σ̃ → Σ. It is easy to see that h is strictly convex on Σ. The corresponding
class ℓ ∈ A1(Σ) coincides with ℓ̃ under the isomorphism given by Theorem 6.4. We deduce
HR(Σ̃, ℓ̃) from HR(Σ, ℓ).

11.5.3. Closedness under blow-ups and blow-downs (ML3)-(ML4). Let (Σ, ω) be a unimodular
tropical fan of dimension d and let h be a strictly convex conewise linear function on Σ.
Denote by ℓ the corresponding ample element of A1(Σ). Let Σ′ be the fan obtained from Σ by
unimodular blow-up of a cone σ ∈ Σ. Denote by ρ the new ray in Σ′. The function h defines
a conewise linear function on Σ′ that we denote by h′, and we get the corresponding element
ℓ′ associated to h′ in A1(Σ′) given by

ℓ′ =
∑
ζ∈Σ1

h(eζ)xζ +
(∑
ζ≺σ
|ζ|=1

h(eζ)
)
xρ.

Proposition 11.19. For any small enough ε > 0, the element ℓ′ − εxρ of A1(Σ′) is ample.

Proof. This is the element of A1(Σ′) associated to the function h′− ε1ρ, with 1ρ the conewise
linear function on Σ′ which takes value one on eρ and value zero on all the other rays. The
conewise linear function h′ − ε1ρ on Σ′ is strictly convex. □

Using Lemma 7.13, we can assume that Στ verifies HR(ℓτ ) for all τ ̸= 0 in Σ.

Proposition 11.20. Notations as above, the following statements are equivalent.
(1) We have HR(Σ, ℓ).
(2) The property HR(Σ′, ℓ′ − εxρ) holds for any small enough ε > 0.

Proof. By assumption HR(Σσ, ℓσ) holds. Theorem 11.15 leads to the implication (1) ⇒ (2).
For the other implication (2) ⇒ (1), by assumption HR(Σσ, ℓσ) and HR(Σζ , ℓζ) hold for

any ray ζ in Σ. From Proposition 11.13, we deduce that HL(Σ, ℓ) holds. Applying now the
descent part of Theorem 11.15 gives the result. □

As a consequence, we conclude by Proposition 11.14 that Σ is Chow-Kähler if and only if
Σ′ is Chow-Kähler.

11.5.4. Proof of Theorem 11.6. At this point, we have verified all the cases of Lemma 7.13.
We deduce that the property of being Chow-Kähler is T-stable among the class of effective
quasi-projective unimodular fans. □

12. Further discussions and examples

In this final section, we provide a collection of examples to which we referred in the text,
and complement this with remarks and questions in order to clarify the concepts introduced
in the paper.

12.1. An alternate definition of irreducible components. In Section 2.16, we defined the
notion of irreducible components of a tropical fan Σ. An alternate definition is the following.
A subfan ∆ of Σ is an irreducible component of Σ if it is the support of a nonzero element in
MWd(Σ), and if it is minimal among the subfans with this property. In the case Σ is normal,
this definition coincides with the one given in Section 2.16. For general tropical fans however,
the two definitions are different. Note that the irreducible components in this new definition
might not induce a partition of Σd as the following example shows.
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Example 12.1 (Irreducible components of non-normal fans). Let Σ = be the 1-skeleton
of ΣU3,3 in R2. There are five irreducible components in the sense of minimal support of a
nonzero element of MW1(Σ). These are , , , , and . They do not induce a partition
of Σ1. ⋄

12.2. The cross. In this section, we consider the cross ∆ = in R2 with four rays which is
a reduced tropical fan. The cross is the simplest singular tropical fan: it is neither irreducible
nor div-faithful. In fact, it does not verify Poincaré duality. It can be used moreover in various
ways in constructing interesting (counter-)examples. We propose some of them here.

In what follows, for k ∈ N, Λk is the complete fan in Rk with facets the 2k orthants given
by coordinate axes. The cross ∆ is a subfan of Λ2. We endow R2 with coordinates x and y.

Example 12.2 (A degenerate tropical modification and desingularization). Let f be the
meromorphic function on ∆ given by

f =


−x if x ⩾ 0 and y = 0

y if x = 0 and y ⩾ 0

0 otherwise.

Then, the divisor div(f) is trivial. The tropical modification ∆̃ := TMf (∆) is a reduced
tropical line. In particular, ∆̃ verifies Poincaré duality, which is not the case for ∆. Moreover
MW1(∆̃) is of dimension 1, though MW1(∆) is of dimension 2. This shows that the div-
faithfulness assumption is needed concerning Minkowski weights in Theorem 6.4.

This example is particularly interesting: it seems that tropical modification tends to desin-
gularize tropical fans as blow-up does in algebraic geometry. ⋄

Example 12.3. (A tropical modification which is no more saturated) We use the notations
of the previous example. Even though ∆ is saturated, TM2f (∆) is not saturated at 0. Hence,
saturation is not T-stable. ⋄

Example 12.4 (Poincaré duality for a tropical fan does not imply Poincaré duality for its star
fans). The cross is the divisor of the meromorphic function h on Λ2 defined by min(0, x, y, x+
y). Consider Σ := TM∆(Λ

2). Since Λ2 is div-faithful and saturated, by Theorem 6.4, we have
the equality of Chow rings A•(Σ) ≃ A•(Λ2). This implies that the Chow ring of Σ verifies
Poincaré duality. On the other hand, the cross appears as the star fan of the ray ρ in Σ
corresponding to the tropical modification. We infer that Poincaré duality for a fan does not
necessary imply Poincaré duality for its star fans. ⋄

Example 12.5 (Poincaré duality for a non-normal fan). We consider the previous example
Σ := TM∆(Λ

2). Note that it is not normal but its Chow ring verifies Poincaré duality.
Moreover, Σ is at the same time irreducible, principal and div-faithful at 0. However, it is
neither locally irreducible nor div-faithful. ⋄

Example 12.6 (Two non-principal unimodular tropical fans). Consider the two-dimensional
fan Σ = ∆×Λ in R3, i.e., it has the six rays of the axes and support {x = 0}∪ {y = 0} ⊂ R3.
The divisor {y = z = 0} in Σ is not principal. This means Σ is not principal at 0.

Following the idea of Example 12.5, one can go further and create a fan which is principal
at 0 but not globally principal: it suffices to take TMΣ(Λ

3). ⋄

Example 12.7 (Non-irreducible unimodular fans). We can find higher dimensional analogues
of the cross in R2. Consider any unimodular fan ∆′ with support {x1 = x2 = 0}∪{x3 = x4 =
0} in R4. The fan Σ is normal, div-faithful and principal, but it is not irreducible. ⋄

Example 12.8 (A normal div-faithful unimodular fan which is neither irreducible nor prin-
cipal). Let ∆′ be the fan defined in the previous example. Set Σ = ∆′ ×Λ. We get a tropical
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fan Σ of dimension three which is still normal and div-faithful but it is neither irreducible,
nor principal: the divisor {x1 = x2 = 0} × {0} is not a principal divisor in Σ′. ⋄

Example 12.9 (A quasilinear fan which is not principal). Let (e1, e2) be the standard basis
of Z2. Let Σ = be the complete fan in R2 with rays R⩾0e1,R⩾0e2, and R⩾0(−e1 − 2e2).
Let (∆, ω∆) be the generalized tropical line in R2 obtained as the divisor of the holomor-
phic function f = min(2x1, x2, 0) on Σ. Note that the orientation ω∆ takes value 1 on
R⩾0e1,R⩾0(−e1 − 2e2), and value 2 on R⩾0e2. The tropical modification Σ̃ of Σ along the
divisor of f is quasilinear and it is principal. In Σ̃ we have a 2-dimensional cone σ of weight 2.
The unimodular stellar subdivision Σ′ of Σ̃ at cone σ is not principal: the star of the new ray
ρ is isomorphic to the fan Λ in R with weight 2.

This shows that principality is not T-stable in general. As stated in Theorem 9.3, princi-
pality is T-stable in the class of unitary tropical fans. ⋄

12.3. The fan over the one-skeleton of the cube.

Example 12.10 (A non-principal locally irreducible unimodular fan). Consider the standard
cube � with vertices (±1,±1,±1), and let Σ be the two-dimensional fan with rays generated
by the vertices, and with facets generated by the edges of the cube. The fan Σ is locally
irreducible and tropical but it is not unimodular. We obtain a unimodular fan after changing
the lattice. In what follows, we work with the lattice N :=

∑
ζ∈Σ1

Zeζ .
Direct computation of the Chow ring proves that the image of A1(Σ) inside A1(Σ)⋆ is a

sublattice of full rank and of index two. The map A1(Σ) → A1(Σ)⋆ is not surjective, hence
Σ is not principal at 0 though it is Q-principal. Indeed, the divisor D = R · (1, 1, 1) is not
principal, but 2D is. ⋄

12.4. Saturation, unimodularity, and desingularization. Let (e1, e2) be the standard
basis of Z2 and let e0 = −e1 − e2. Denote by ρi = R⩾0ei, i ∈ {0, 1, 2} the corresponding rays.

In the following, we consider the lattice N := Ze1 + 1
3Z(e1 − e2) in R2. Note that Z2 ⊂ N

is a sublattice of index three in N . The dual lattice M := N⋆ is of index three in (Z2)⋆. The
fans ∆ and Σ treated in the examples of this section verify N∆ = NΣ = N .

Example 12.11. Let ∆ be the one-dimensional fan in NR with rays ρ0, ρ1, ρ2. The fan ∆
is tropical and unimodular but it is not saturated. Any element f of (Z2)⋆ ∖M induces a
meromorphic function on ∆ which is linear but not integral linear. (The meromorphic function
3f will be integral linear.) As a consequence, A1(∆) has torsion: the element xρ1 − xρ2 is
non-zero, but 3 · (xρ1 − xρ2) vanishes in A1(∆). ⋄

Example 12.12 (Necessity of assumptions in Theorem 6.4). Consider the fan ∆ defined in
the previous example. Let f be the element in (Z2)⋆ which takes value one on e1 and vanishes
on e2. The divisor div(f) is trivial. Let ∆̃ be the degenerate tropical modification of the fan
Σ with respect to f . Then, ∆̃ is just a tropical line. Therefore, it is saturated. In particular,
the Chow ring of ∆̃ is torsion-free. This example shows that the hypotheses made in Theorem
6.4 about the saturation or torsion-freeness are needed.

As in Example 12.2, tropical modification here desingularizes the original tropical fan. ⋄

Example 12.13. Let Σ be the complete fan in NR with rays ρ0, ρ1, and ρ2. The fan Σ is
tropical and saturated but it is not unimodular. As in Example 12.11, A1(Σ) has torsion. ⋄

Example 12.14. We continue with the complete fan Σ of the previous example. Let f be
the holomorphic function on Σ which takes value −3 on e0, and vanishes on e1 and e2. The
divisor of f is the reduced divisor ∆ = div(f) of Example 12.11 with rays ρ0, ρ1, and ρ2.

Let Σ′ be a unimodular subdivision of Σ. For instance, we can add the rays generated by
the primitive vectors 1

3ei +
2
3ej for any pair of distinct i, j ∈ {0, 1, 2}.
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We view f as a holomorphic function on Σ′, and set Σ̃ := TMf (Σ
′), the tropical modification

of Σ′ along the divisor ∆ = div(f). Denote by ρ the new ray in Σ̃. Then, Σ̃ is a unimodular
fan that is saturated at 0 but not at ρ. Even worse, there is no way to modify the lattice N
in order to make Σ̃ saturated without changing the intersection Σ̃ ∩N .

Since Σ′ is a complete unimodular fan, it is div-faithful and its Chow ring verifies Poincaré
duality. Applying Theorem 6.4, we infer that A•(Σ̃) verifies Poincaré duality. However, the
Chow ring of the star fan Σ̃ρ has torsion. In A1(Σ̃ρ), the element i∗0≺ρ(xρ1 − xρ2) has order 3.
(The image by the Gysin map of this element is trivial in A2(Σ̃).)

Once again, as in Examples 12.2 and 12.12, a tropical modification can solve these singularity
issues. Consider the conewise linear function h on Σ̃ defined by

h = min(e⋆1, e
⋆
ρ),

where (e⋆1, e
⋆
2, e

⋆
ρ) denotes the dual (rational) basis of (e1, e2, eρ). Since e⋆ρ coincides with f on

the graph of f , it is straightforward to see that h takes integer values on e0, e1, e2, and on any
vector of the form 1

3ei +
2
3ej , for distinct i, j ∈ {0, 1, 2}. This means that h is holomorphic.

Consider now the tropical modification pΣ of Σ̃ with respect to h on Σ̃. The fan pΣ is saturated
and verifies PD⋆

Z, that is, all the star fans of pΣ verify Poincaré duality. ⋄
In view of the preceding examples, we formulate the following questions.

Question 12.15 (Saturation and tropical modification). Is it true that for any tropical fan
Σ, there exists a sequence of tropical modifications that turns Σ into a saturated tropical fan?

Question 12.16 (Saturation and torsion-freeness). Is it true in general that the Chow ring
A•(Σ,Z) with integer coefficients of a saturated unimodular fan Σ is torsion-free?

12.5. Quasilinear vs generalized Bergman.

Example 12.17 (A quasilinear tropical fan which is not generalized Bergman). Let Σ be the
two-dimensional skeleton of the fan of the projective space of dimension three: it has four rays
generated by vectors e1, e2, e3 and e0 = −e1− e2− e3, where (e1, e2, e3) is a basis of N , and the
six facets R⩾0ei + R⩾0ej for 0 ⩽ i < j ⩽ 3 (cf. Figure 4 where we keep only four rays). We
have |Σ| = |Σm| for the uniform matroid m = U3

4 of rank three on four elements. Let ∆ be
the tropical curve in |Σ| with four rays ρ1, ρ2, ρ3 and ρ4 with

ρ1 = R⩾0(e1 + e2), ρ2 = R⩾0e2, ρ3 = R⩾0(e0 + 2e3), ρ4 = R⩾0(e0 + e1).

Then we have ∆ ≃ Σm′ with m′ = U2
4 the uniform matroid of rank two on four elements.

The tropical modification TM∆(Σ) is quasilinear but does not have the same support as the
Bergman fan of any matroid. It means it is not generalized Bergman. ⋄
12.6. Collection of examples around the Kähler package for the Chow ring. In this
section, all the Chow rings are with rational coefficients.

Example 12.18. Let Σ be the complete Bergman fan associated to the uniform matroid U3,3

on the ground set {0, 1, 2} as illustrated in Figure 3. The nonempty proper flats of U3,3 are
Cℓ0(U3,3) := {1, 12, 2, 02, 0, 01} (where ij denotes the set {i, j}). The rays of Σ correspond to
the flats of U3,3 and are denoted ρF with F ∈ Cℓ0(U3,3). These rays corresponds to elements
of A1(Σ) denoted xF , for F ∈ Cℓ0(U3,3). We have

dim(A1(Σ)) = |Cℓ0(U3,3)| − dim
(
(Q2)⋆

)
= 4.

We have a natural degree map deg : A2(Σ) → Q which verifies the following.

deg(xFxG) =


−1 if F = G,
1 if F ̸= G and F ⊂ G or F ⊃ G,
0 if F and G are not comparable.
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Figure 3. The Bergman fan of U3,3
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Let ℓ := x1 + x12 + x2 + x02 + x0 + x01 ∈ A1(Σ). This element corresponds to a strictly
convex conewise linear function on Σ, thus, it must verify the Hodge-Riemann bilinear relations
HR(Σ, ℓ). We check that this is indeed the case. We have to show that deg(ℓ2) > 0 and that

Q1 : A1(Σ)×A1(Σ) → Q,
x, y 7→ deg(xy),

has signature −2 = 2dim(A0)− dim(A1). We have

deg(ℓx1) = deg(x21 + x1x12 + x1x01) = 1,

and, by symmetry, deg(ℓxF ) = 1 for every F ∈ Cℓ0(U3,3). Thus, deg(ℓ2) = 6.
ForQ1 we have an orthogonal basis (x0, x1, x2, x1+x12+x2). Moreover deg(x20) = deg(x21) =

deg(x22) = −1 and

(12.1) deg((x1 + x12 + x2)
2) = deg(x21 + x212 + x22 + 2x1x12 + 2x12x2) = 1.

Thus, the signature of Q1 is −2 and the Hodge-Riemann bilinear relations are verified. ⋄

Example 12.19. We give a second example in the Chow ring treated in the preceding ex-
ample. Let ℓ′ = x1 + x12 + x2. The conewise linear function associated to ℓ′ is not strictly
convex. Around ρ0, the function is zero which implies that i∗0≺·ρ0(ℓ

′) = 0. Nevertheless, ℓ′

verifies the Hodge-Riemann bilinear relations HR(Σ, ℓ′). We already checked in (12.1) that
deg(ℓ′2) = 1 > 0. Since Q1 does not depend on ℓ′, we have already checked that Q1 has
signature −2. This gives an example of a non-ample element verifying the Hodge-Riemann
bilinear relations. ⋄

Example 12.20 (Non-convex functions verifying HL and HR). For any tropical fan Σ, the set
of elements of A1(Σ) which verify HL is either empty or it is the complement of a finite union
of hypersurfaces (defined by the vanishing of the determinant of the linear map Ak(Σ) →
Ad−k(Σ), k ⩽ d/2, given by the multiplication by the (d − 2k)-th power of the element in
A1(Σ)). The essential part of the present example is thus to describe a non-convex conewise
linear function on a tropical fan Σ whose associated element in A1(Σ) verifies HR. Note that
such an element does not exist in the case of complete fans, cf. Remark 12.21.

Take the fan Σ associated to the matroid U3,4 (cf. Figure 4) where we keep only the rays
labeled by the flats 0, 1, 2, 3, 01, 23. Let (e⋆1, e

⋆
2, e

⋆
3) be the dual basis of (e1, e2, e3). Let f be

the restriction to Σ of the function

max(0,−e⋆1, e
⋆
3 − e⋆2, e

⋆
3 − e⋆2 − e⋆1).

The following table gives the values of f and of div(f):

F 0 1 2 3 01 23

f(eF ) 1 0 0 1 0 0
div(f)(ζF ) −1 −1 −1 −1 −1 −1
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Figure 4. The Bergman fan of U3,4
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It follows that −f is holomorphic on Σ. From its definition, we get that f is convex. Moreover,
the values of div(f) taken on rays show that f is strictly convex around each ray. In particular,
Proposition 11.13 ensures that we have HL(Σ, f). Since f is convex, it is a limit of ample
elements, and by continuity we also deduce HR(Σ, f). However, f is not strictly convex
around 0 since f(e01 + e23) = f(e01) + f(e23) = 0.

Since HL and HR are open conditions, we can find a non-convex function in the neighbor-
hood of f which also verifies HL and HR. ⋄

Remark 12.21 (Comparison with the case of a complete fan). The phenomenon discussed
in the previous example cannot occur in the case of a complete fan. Let Σ be a complete fan
and f be a meromorphic function on Σ.

Theorem 12.22. The following statements are equivalent:
(1) f is strictly convex on Σ.
(2) the properties HL(Σσ, fσ) and HR(Σσ, fσ) hold for all σ ∈ Σ.
(3) div(−f) is effective and has full support Σd−1.

We omit the proof. ⋄

Example 12.23 (A convex function which does not come from a convex function on the am-
bient space). The difference of behavior is to be compared with the fact that a convex function
on a non-complete fan might not be extendable to a convex function on the ambient space.
Let Σ and f be as in Example 12.20. Consider the ray ρ001 obtained from the unimodular
blow-up of the cone between ρ0 and ρ01, and denote by Σ′ the new tropical fan. Let g be
a holomorphic function on Σ′ which coincides with f on all the rays of the original fan and
takes a value on e001 which is slightly smaller that f(e001). Then, g is still convex but we have

g(e001) + g(e23) < 1 = g(e0) = g(e001 + e23).

This means that g cannot come from a convex function on the ambient space. It is possible
to turn g into a strictly convex function verifying the same non-extendability property, for
instance by slightly increasing the value of g on e01. ⋄

Example 12.24 (An ample element which does not verify HR). We study here an interesting
example discovered by Babaee and Huh [BH17]. We would like to thank Edvard Aksnes and
Kris Shaw for drawing our attention to the relevance of this example.
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A full description of the fan is given in [BH17, Aks19, Piq21], and we will study it more
throughly in our future work which extends the present paper to generalization of fans. We
just mention its main properties.

This is a normal unimodular tropical fan Σ of dimension two living in R4. Its Chow ring
verifies Poincaré duality. However, Σ does not verify the Hodge-Riemann bilinear relations: Σ
is quasi-projective, but the pairing A1(Σ)×A1(Σ) → Z has more than one positive eigenvalues.
In particular, we note that Σ is not quasilinear. ⋄

Example 12.25 (Positivity for tropical fans whose orientation takes negative weights). There
are examples of tropical fans whose orientation takes negative values that verify an analogue
of the Kähler package for the Chow ring: it will be enough to take a Kähler tropical fan
(Σ, ωΣ) with positive orientation ωΣ, and consider the fan (Σ,−ωΣ). A generalized tropical
line with both positive and negative weights verifies as well the Kähler package for the Chow
ring. It will be interesting to formulate an appropriate notion of Kähler package for tropical
fans whose orientations take both positive and negative values. This requires formulating the
right notion of convexity in this setting. ⋄

Appendix A. Multi-magmoids

In this appendix, we define an algebraic structure called multi-magmoid in order to give a
more conceptual approach to the notion of T-stability introduced in Section 7. We also prove
Proposition 7.8.

A multi-magmoid C is the data of a ground set, also denoted C, and of a finite set of
multi-valued binary operators,

opi = opC,i : C× C → 2C for i = 1, . . . , k

for a positive integer k. If k = 1 and if op1(c, c
′) is a singleton for all c and c′ in C, then C is

a magma.
Note that if D is a subset of C, then the multi-magmoid structure on C induces a multi-

magmoid structure on D with operators

opD,i : D×D → 2D,
d, d′ 7→ opC,i(d, d

′) ∩D.

A subset S of C is called C-stable if for any i ∈ [k] and any s, s′ ∈ S, opi(s, s
′) ⊆ S. If

S is included in a subset D of C, we say that S is C-stable in D if it is D-stable for the
induced multimagmoid on D. If B is a subset of C, we denote by ⟨B⟩C the smallest C-stable
subset of C that contains B and called it the C-stable subset generated by B. This exists by
Proposition A.1.

A subset I of C is called an ideal of C if for any i ∈ [k], and for any c ∈ C and any j ∈ I,
opi(j, c) ⊆ I and opi(c, j) ⊆ I.

A subset S of C is called strongly C-stable if it is C-stable and if C ∖ S is an ideal of C.
Equivalently, this means that S is C-stable and, for c, c′ ∈ C and for i ∈ [k], opi(c, c

′)∩ S ̸= ∅
implies that both c and c′ belongs to S.

Proposition A.1. We have the following basic properties.
(1) The intersection of two C-stable subsets of C is C-stable.
(2) The intersection of two ideals of C is an ideal.
(3) Ideals of C are C-stable.
(4) If I is an ideal of C and S is a C-stable subset of C, then I ∪ S is stable.
(5) If S is strongly C-stable, then for any B, we have ⟨B ∩ S⟩C = ⟨B⟩C ∩ S.

Proof. The first four points are immediate. We prove the last point. Since S is strongly C-
stable, C∖ S is an ideal. Point (4) implies that S′ := (C∖ S) ∪ ⟨B ∩ S⟩C is stable. Moreover,
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since ⟨B ∩ S⟩C ⊆ S, this is a disjoint union. In addition, S′ contains B, therefore, it contains
⟨B⟩C. We infer that ⟨B ∩ S⟩C = S′ ∩ S ⊇ ⟨B⟩C ∩ S. The other inclusion is trivial, and we get
the equality. □

We now make explicit the link between T-stability introduced in Section 7 and multi-
magmoids. Let T be the set of tropical fans up to isomorphism. We assume that a formal
empty fan belongs to T in order to allow the empty divisor for the tropical modification. We
define the following binary operators on T .

• the cartesian product
op1(Σ,Σ

′) := {Σ× Σ′}.
• the tropical modification

op2(Σ,∆) :=
{
TMf (Σ)

∣∣ f ∈ M(Σ), div(f) = ∆
}
.

• the blow-up op3(Σ,∆) defined as the set of blow-ups Σ(ρ) of Σ along a ray ρ that lives
in the interior of a face σ of Σ such that we have Σσ = ∆.

• the blow-down
op4(Σ

′,∆) :=
{
Σ
∣∣ Σ′ ∈ op3(Σ,∆)

}
.

Proposition A.2. The set T with the four multi-valued binary operators op1, op2, op3, op4

defined above is a multi-magmoid.

If C is a subset of T , then the T-stability in C introduced in Section 7 coincide with
the notion introduced in this section. Also note that the class of effective, resp. reduced,
resp. unitary, tropical fans are strongly T-stable. Together with Proposition A.1, this implies
Proposition 7.8.
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